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MIXED HODGE STRUCTURES IN LOG SYMPLECTIC GEOMETRY
ANDREW HARDER
Abstract. We study the cohomology rings of snc log symplectic pairs (X,Y ) which have log
symplectic forms of pure weight. We show that under a certain natural condition, the cohomology
ring of X \ Y exhibits the curious hard Lefschetz property. Analogous results are shown to hold for
limit mixed Hodge structures associated to good degenerations of projective irreducible holomorphic
symplectic manifolds. We provide several examples of log symplectic pairs of pure weight including
a class of cluster-type varieties, and examples coming from the work of Feigin and Odesski. We show
that the components of the central fiber of good degenerations of projective irreducible holomorphic
symplectic manifolds produce log symplectic pairs.
1. Introduction
The main goal of this paper is to study the interactions between holomorphic symplectic geometry
and mixed Hodge structures. The motivation for this comes from the cohomology ring of a log
symplectic pair (X,Y ).
Definition 1.1. Let X be a smooth projective variety, and let Y be a reduced divisor in X. Then
(X,Y ) is called log symplectic if there exists a form σ ∈ H0(X,Ω2X(log Y )) so that the map
σ(−,−) : TX(− log Y )×TX(− log Y ) −→ OX
is nondegenerate at every point in X. In other words, the map from Ω1X(log Y ) to TX(− log Y )
induced by σ is an isomorphism of sheaves. If (X, ∅) is log symplectic, we call X a projective
holomorphic symplectic manifold. If Y is a simple normal crossings divisor, we call (X,Y ) an snc
log symplectic pair.
Holomorphic symplectic varieties have been studied extensively, but when Y is nonempty, log
symplectic pairs are not as well understood.
In dimension 2 log symplectic pairs are abundant: let S be a smooth surface and let D be
a reduced simple normal crossings divisor on S. Then the pair (S,D) is log symplectic. Higher
dimensional examples have been constructed by Goto in [Got]. For instance, moduli spaces of
SU(2) monopoles admit log symplectic structures, as do Hilbert schemes of points on any surface S
with a fixed anticanonical divisor. Feigin and Odesski constructed Poisson structures on projective
spaces coming from vector bundles on elliptic curves (see also work of Polishchuk [Pol98]). Gualtieri
and Pym [GP13] showed that in certain cases, these Poisson structures are in fact log symplectic
structures.
Log symplectic pairs can also be found when studying degenerations of irreducible holomorphic
symplectic manifolds. Let X be a Ka¨hler manifold and let π : X → ∆ be a proper map. We say
that π is a semistable degeneration if Xt = π
−1(t) is smooth if t 6= 0, X0 = π
−1(0) is simple normal
crossings, and π vanishes at most to order 1 along each component of X0. We say that a semistable
degeneration is a good degeneration of holomorphic symplectic varieties if the relative dimension of
π is 2d and there is some section σ of Ω2
X /∆(logX0) so that σ
d is nowhere vanishing on X .
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The condition that σd is nowhere vanishing on X implies that for each t 6= 0, Xt is a projective
holomorphic symplectic manifold. We could reasonably expect that the components of the singular
fiber are log symplectic. It is not difficult to prove the following result.
Theorem 1.2 (Theorem 5.17). Let π : X → ∆ be a good degeneration of holomorphic symplectic
manifolds, let W be an irreducible component of X0, and let ∂W be the intersection of W with the
singular locus of X0. Then (W,∂W ) is an snc log symplectic pair.
In this article, we study log symplectic pairs via the the mixed Hodge structure on the cohomology
ring H∗(X \Y ;Q) for (X,Y ) an snc log symplectic pair. Our results allow us to place restrictions on
the topology of log symplectic pairs. These results should have implications for the geometry and
topology of good degenerations of holomorphic symplectic manifolds. Our strongest results hold
for log symplectic pairs which are of pure weight. This is an important concept, so we will define
it now.
Recall that, by work of Deligne [Del71, Del74], there are mixed Hodge structures on the coho-
mology groups of any variety U . This structure consists of a decreasing Hodge filtration F • on
H∗(U ;C) and an increasing weight filtration W• on H
∗(U ;Q) satisfying certain compatibility con-
ditions. Deligne defines a functorial decomposition of Hi(U ;C) into subspaces coming from these
two filtrations. This decomposition is called the Deligne splitting.
Ip,q(Hℓ(U)) = F p ∩WCp+q ∩
F q ∩WCp+q +∑
j≥2
F q−j+1 ∩WCp+q−j
 .
Here, WC• denotes the filtration on H
k(U ;C) induced by W• after change of coefficients. Given
an snc log symplectic pair (X,Y ), the logarithmic form σ is closed, therefore it defines a class in
H2(X \ Y ;C). We say that (X,Y ) has pure weight w if the class of σ lies in I2,w(H2(X \ Y ))1.
Log symplectic pairs of pure weight appear in a number of ways, some of which are discussed in
Section 4, but they also appear as the components of good degenerations of irreducible holomorphic
symplectic manifolds2 (Theorem 5.17).
Log symplectic pairs of pure weight have a number of nice properties. Recall that for any normal
crossings divisor Y , there is a simplicial complex which encodes the intersections of the irreducible
components of Y . This is called the dual intersection complex of Y .
Theorem 1.3 (Theorem 3.9). If (X,Y ) is an snc log symplectic pair with log symplectic form σ
of pure weight 1 or 2 and dimX = 2d, then the dual intersection complex of Y is of dimension
dw − 1. If σ has pure weight 0 then Y = ∅.
Pure weight also places strong restrictions on the mixed Hodge structure of H∗(X \ Y ;Q). First,
it is not hard to see from the definitions (Proposition 3.3) that for any snc log symplectic pair
(X,Y ) with dimX = 2d, we have that
(1) dimGrmF H
ℓ(X \ Y ;C) = dimGr2d−mF H
2d−2m+ℓ(X \ Y ;C)
for all m, ℓ. This is strengthened by Proposition 2.7 which expresses the statement that for an snc
log symplectic pair, the Hodge filtration on H∗(X \ Y ;Q) is determined by σ and the cup product
structure.
In the case where (X,Y ) is snc log symplectic and σ has pure weight, we also obtain restrictions
on the weight filtration on H∗(X \ Y ;Q). An example of this is the following.
1We will show in Proposition 2.10 that the weight w is an invariant of (X,Y ) and does not depend on a particular
choice of w.
2Recall that a projective holomorphic symplectic manifold is called irreducible holomorphic symplectic (IHS) if it is
simply connected and if ⊕2dj=0H
0(X; ΩjX) is generated as a ring by H
0(X;OX) and a symplectic form σ in H
2(X; Ω2X ).
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Theorem 1.4 (Theorem 2.21, Corollary 3.13). If (X,Y ) is an snc log symplectic pair so that
dimX = 2d and σ is a log symplectic form pure weight 2, then
(1) Ip,q(Hℓ(X \ Y )) = 0 if p 6= q,
(2) Im,m(Hℓ(X \ Y )) ∼= I2d−m,2d−m(H2d−2m+ℓ(X \ Y )) for all ℓ,m.
A similar, but less striking, result holds in the case of pure weight 1 (Theorem 2.14, Corollary
3.13), which says that the weight-graded pieces of H∗(X \ Y ;C) vanish in certain ranges. These
results, combined with the fact that for any smooth variety U , GrWj H
i(U ;Q) ∼= 0 if j < i, leads to
the following result.
Theorem 1.5 (Proposition 3.16, Proposition 3.14). Let (X,Y ) be a log symplectic pair of pure
weight w.
(1) If w = 1 then dimGriFH
j(X \ Y ;C) = 0 if j − i < d.
(2) If w = 2 then dimGriFH
j(X \ Y ;C) = 0 if j > 2d or i < j/2.
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Figure 1. Vanishing of the Hodge diamond of a log symplectic pair of pure weights
2 and 1 respectively. The dashed lines indicate the axis of symmetry.
The symmetries in Theorem 1.4 also appear in the Hodge theory of character varieties, partic-
ularly, the work of Hausel and Rodriguez-Villegas [HRV08]. If C is a smooth curve and G is an
algebraic group, one can produce the twisted character variety of C associated to G. Precisely, we
choose a point p ∈ C and take representations of the fundamental group π1(C \ p) in G whose
monodromy along a small loop around p is an appropriate multiple of the identity matrix by
a root of unity. If we call the collection of all such representations Rep(C,G), then the twisted
character variety MC,G is the quotient Rep(C,G)/G where G acts by conjugation. If G is either
SL2(C),GL2(C) or PGL2(C), then Hausel and Rodriguez-Villegas show that H
∗(MC,G;Q) has the
properties described in Theorem 1.4 (see [HRV08]). In fact, their results are stronger than this.
Definition 1.6. A variety U of dimension d has the curious hard Lefschetz property if there is
some α in GrW4 H
2(U ;Q) so that the maps induced by the cup product pairing,
(α(d−m) ∪ (−)) : GrW2mH
ℓ(U ;Q) −→ GrW4d−2mH
2d−2m+ℓ(U ;Q)
are isomorphisms for all ℓ,m.
Hausel and Rodriguez-Villegas show that if G = GL2(C),SL2(C) or PSL2(C) then MC,G has the
curious hard Lefschetz property. Recently, this has also been proven for GLn(C) by Mellit [Mel19].
One of the main theorems in this paper is the following.
Theorem 1.7 (Theorem 2.21, Corollary 3.13). Let (X,Y ) be a log symplectic pair of pure weight
2. Then X \ Y has the curious hard Lefschetz property.
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Remark 1.8. In fact the proof of this result applies to more than just log symplectic pairs. For
instance, our proof also shows that the limit mixed Hodge structure of a type III degeneration of
projective IHS manifolds has the curious hard Lefschetz property (Corollary 5.10). This is related
to a result of Soldatenkov [Sol18].
Organization. We will begin in Section 2 by defining a class of objects called symplectic Hodge
rings (see Definition 2.4) which formalize the properties of the cohomology rings of log symplectic
pairs. We then study the formal properties of symplectic Hodge rings, observing that their Hodge
filtration is determined by the algebra structure and the class of σ (Proposition 2.7). We then prove
several theorems about the structure of symplectic Hodge rings when σ is of pure weight (Theorem
2.21, Theorem 2.14).
The next three sections provide examples of symplectic Hodge rings. Section 3 focuses on showing
that the cohomology rings of snc log symplectic pairs are symplectic Hodge rings. We provide several
examples of log symplectic pairs of pure weight 1, from Hilbert schemes of points on surfaces, and
from purely elliptic log symplectic pairs. We then generalize a result of Hacking and Keel and show
that, given a log symplectic pair (X,Y ), one may produce a new log symplectic pair by blowing up
the symplectic leaves of the associated Poisson structure on X. We also show that this procedure
preserves pure weight.
In Section 5, we show that if π : X → ∆ is a good degeneration of compact holomorphic
symplectic manifolds, then the limit mixed Hodge ring H∗(X∞;Q) is a symplectic Hodge ring. We
then look at the case where a general fiber Xt of π is a projective IHS manifold, in which case
H∗(X∞;Q) has pure weight depending on the order of nilpotency of the monodromy operator on
H2(X∞;Q). We will make some remarks about the relationship between this result and Nagai’s
conjecture (Theorem 5.14) in light of the results in Section 2. Finally, we relate good degenerations
and log symplectic pairs: we show that if π : X → ∆ is a good degeneration of projective holo-
morphic symplectic manifolds and H∗(X∞;Q) has pure weight w, then each component of π
−1(0)
is log symplectic of pure weight w as well (Theorem 5.17).
In Appendix A we prove a technical result necessary for the proof of Theorem 5.17 which we
were not able to find in the literature, but which is surely known to experts.
Conventions. In this paper, all varieties are taken over C. Cohomology groups are usually writ-
ten with their coefficients, but if the coefficient group is absent, the reader should assume that
coefficients are complex.
If V is a rational vector space, we will use the notation VC to mean V ⊗C. We will often discuss
relationships between Hodge and weight filtrations on different vector spaces. To avoid introducing
new names for the Hodge and weight filtrations on different vector spaces, we will sometimes use the
notation F •VC or W•V to indicate the Hodge and weight filtrations on V if V is unclear. Similarly,
when talking about graded pieces of a filtration, we will use the notation GrpF and Gr
W
i when there
is no ambiguity as to which vector space F and W belong, and we will use the notation GrpFV and
GrWi V if V is unclear.
2. Symplectic Hodge rings
Many of the results in this paper are true for both limit mixed Hodge structures of good degen-
erations of holomorphic symplectic varieties (Section 5) and for log symplectic pairs (Section 3).
Instead of proving all of our results twice, we will formalize the properties that the cohomology
ring of a log symplectic pair and the cohomology ring of a good degeneration share under the name
“symplectic Hodge rings” and prove general properties about these objects. There are other con-
texts in which we expect that symplectic Hodge rings appear but are not discussed in this paper.
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For instance, finite symplectic quotients of log symplectic pairs and their symplectic resolutions,
and certain degenerations of holomorphic symplectic manifolds with certain singularities.
2.1. Mixed Hodge structures. From this point on, we assume basic familiarity with the formal-
ism of mixed Hodge structures. A good introduction is [PS08, Chapter 3]. The following facts will
often be used without remark in the remainder of this section. Let (V, F,W ) be a mixed Hodge
structure, then one may define Deligne’s splitting of V in the following way
Ip,q(V ) = F p ∩WCp+q ∩
F q ∩WCp+q +∑
j≥2
F q−j+1 ∩WCp+q−j
 .
This plays the same role in mixed Hodge theory as the splitting Hp,q = F p ∩ F q plays for pure
Hodge structures.
Proposition 2.1. Deligne’s splitting has the following properties.
(1) WCk =
⊕
p+q≤k I
p,q(V ).
(2) F p =
⊕
r≥p I
r,s(V ).
(3) Ip,q(V ) ≃ Iq,p(V ) mod
⊕
r<p,s<q I
r,s(V ).
(4) Homomorphisms of mixed Hodge structures preserve Ip,q(V ).
A proof of the first two properties may be found in [PS08, Lemma-Definition 3.4], and the third
and fourth can be found in [CKS86, Theorem 2.13]. Furthermore, this splitting is such that the
natural map from Ip,q(V ) to GrpFGr
W
p+qV is an isomorphism. If f ∈ HomMHS(V, V
′), then there are
induced maps
GrpFGr
W
i V −→ Gr
p
FGr
W
i V
′
which make the diagram
(2)
Ip,q(V ) Ip,q(V ′)
GrpFGr
W
p+qV Gr
p
FGr
W
p+qV
′
commute.
Recall that if (V, F,W ) and (V ′, F,W ) are mixed Hodge structures, then V ⊗V ′ admits a mixed
Hodge structure with the following filtrations.
Wk(V ⊗ V
′) =
∑
a+b=k
WaV ⊗WbV
′
F p(VC ⊗C V
′
C) =
∑
r+s=p
F rVC ⊗C F
sV ′C.
The following two propositions are straightforward consequences of the definitions and linear alge-
bra. We leave their verification to the reader.
Proposition 2.2. If (V, F,W ) and (V ′, F,W ) are a pair of mixed Hodge structures, then
Ia,b(V ⊗ V ′) =
⊕
p+p′=a
q+q′=b
(Ip,q(V )⊗ Ip
′,q′(V ′)).
Proposition 2.3. Let (V, F,W ) and (V ′, F,W ) be a pair of mixed Hodge structures. There is an
injection of pure Hodge structures,
GrWa V ⊗Gr
W
b V
′ −֒→ GrWa+b(V ⊗ V
′).
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2.2. Symplectic Hodge rings. We will now define the main object in this section.
Definition 2.4. A Hodge ring is a finite dimensional graded Q-algebra H = ⊕4di=0H
i with H0 ∼=
Q · id with the following properties.
(1) Each H i carries a mixed Hodge structure so that GrjFH
i
C
∼= 0 for j < max{0, i − 2d} and
j > min{i, 2d}. Consequently, if i ≤ 2d then dimGrWj H
i ∼= 0 for j ≥ 2i or j < 0, and if
i ≥ 2d then dimGrWj H
i ∼= 0 for j ≤ i− 2d or j ≥ i+ 2d.
(2) The multiplication maps
H i ⊗Hj −→ H i+j
induced by the ring operation are homomorphisms of mixed Hodge structures.
Let HC = H ⊗C and let H
i
C denote H
i ⊗ C. Assume that H also has the following property.
(3) There is a nonzero element σ ∈ F 2H2C so that the multiplication map
σd−m : GrmFH
ℓ
C −→ Gr
2d−m
F H
2d−2m+ℓ
C
is an isomorphism for all 0 ≤ m ≤ d and all ℓ ≥ 0.
We call σ a symplectic element. If a Hodge ring H has a symplectic element, we call H a symplectic
Hodge ring. We say that σ has pure weight w if σ ∈ I2,w(H2).
Remark 2.5. (1) For the sake of simplicity, we will use the notation Ip,q;j to denote Ip,q(Hj)
where the underlying Hodge ring is understood.
(2) The cohomology ring of any complex algebraic variety equipped with its cup product is a
Hodge ring. Condition 1 is a consequence of, e.g., [PS08, Theorem 5.39], and Condition 2
follows from Proposition 3.6 in the next section. The limit mixed Hodge structure associated
to a semistable degeneration also produces a Hodge ring. This will be explained in Section
5.
(3) Note that GrjFH
2(d+1)
C = 0 for j ≥ 2d by Condition 1, hence F
2(d+1)H
2(d+1)
C is trivial.
Because σ ∈ F 2H2C, and the multiplication map is compatible with the Hodge filtration,
σd+1 = 0,
2.3. The Hodge filtration in a symplectic Hodge ring. We now explain that we may recon-
struct the Hodge filtration on a the graded pieces of a symplectic Hodge ring H from σ and the
product structure on HC. In this section, we do not impose the condition that σ is of pure weight
at all.
Definition 2.6. Let H = ⊕4di=0H
i be a Hodge ring, and let σ be a symplectic form. We define G•σto
be the following filtration using σ. Let
G1σ = ker
{
σd : HC −→HC
}
G2dσ = im
{
σd : HC −→HC
}
.
Then for each 1 ≤ m ≤ d, we define Gm+1σ and G
2d−m
σ inductively to be
Gm+1σ = ker
{
σ(d−m) : Gmσ −→HC/G
2d−m+1
σ
}
G2d−mσ = im
{
σ(d−m) : Gmσ −→HC
}
+G2d−m+1σ .
Given a nilpotent operator η on any vector space V , one can produce a unique increasing filtration
Lη• on V so that η(L
η
i ) ⊆ L
η
i−2 and η induces isomorphisms,
ηi : GrL
η
i
∼=
−→ GrL
η
−i .
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One may use this property to check that G•σ is precisely L
σ
2d−•. Furthermore, we may equip HC
with the total Hodge filtration,
FmHC = ⊕
4d
i=0F
mH iC
and by assumption, for each m we get isomorphisms
σd−m : GrmFHC −→ Gr
2d−m
F HC
for all m. We obtain the following result.
Proposition 2.7. Let H be a Hodge ring and let σ be an element in F 2H2. The filtration G•σ is
equal to the Hodge filtration on H if and only if σ is a symplectic element.
Remark 2.8. Proposition 2.7 may be summarized by saying that once the degree grading on H
and the weight filtration are fixed, the Hodge structure on H is completely determined by the
ring structure and by σ. For example, if X is a projective IHS manifold then we will see that its
cohomology ring H∗(X;Q) with the symplectic element given by a holomorphic symplectic form is
a symplectic Hodge ring. Then σ in fact spans F 2H2(X;C) and determines the Hodge filtration on
H2(X;C) by letting
F 1H2(X;C) =
{
a ∈ H2(X;C) : q(σ, a) = 0
}
, F 0H2(X;C) = H2(X;C)
where q is the Beauville–Bogomolov–Fujiki form. Then the Hodge structure on H2(X;Q) is equiva-
lent to a choice of σ and the weight filtration is trivial. Therefore the Hodge structure on H2(X;Q)
determines the Hodge structure on Hi(X;Q) for all i.
2.4. A key lemma. In the following sections, we will determine the extent to which the weight
filtration on H is determined by σ. For this, the pure weight condition must be taken into account.
The following lemma demonstrates its importance.
Lemma 2.9. Assume that H is a symplectic Hodge ring with σ a symplectic element of pure weight
w. Then product with σd−m induces isomorphisms
Im,s;ℓ −→ I2d−m,s+w(d−m);ℓ+2(d−m).
for all m ≤ d and for all ℓ, s. Consequently, if τ 6= 0 ∈ Im,s;ℓ and n ≤ d−m then τ · σn 6= 0.
Proof. By Proposition 2.1, and Definition 2.4(1), if τ1,∈ I
p1,q1;ℓ1 and τ2 ∈ I
p2,q2;ℓ2 then the prod-
uct τ1 · τ2 is in I
p1+p2,q1+q2;i1+i2 . Therefore, for some τ ∈ Ip,q;i, the product σk · τ is a class in
Ip+2k,q+kw;i+2k.
By Defintion 2.6(3), σd−m induces an isomorphism
GrmFH
ℓ
C −→ Gr
2d−m
F H
2d−2m+ℓ
C ,
hence the induced map ⊕
s
Im,s;ℓ −→
⊕
s
I2d−m,s+w(d−m);2d−2m+ℓ
induced by the product with σd−m is also an isomorphism. Therefore, σd−m induces an isomorphism
between the individual subspaces Im,s;ℓ and I2d−m,s+w(d−m);2d−2m+ℓ for all ℓ,m and s. 
Proposition 2.10. Let H = ⊕4di=0H
i be a Hodge ring and assume that σ1, and σ2 are symplectic
elements of pure weight w1 and w2 respectively. Then w1 = w2.
Proof. By Definition 2.4, there is an isomorphism between Gr0FH
0
C
∼= C and Gr2dF H
2d
C
∼= C. Fur-
thermore, by Lemma 2.9, I0,0;0 ∼= C and I2d,2w1;2d ∼= I2d,2w2;2d. By Proposition 2.9, this can only
happen if w1 = w2. 
Therefore the phrase “symplectic Hodge ring of pure weight w” may be used unambiguously to
mean a Hodge ring with symplectic element of pure weight w.
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2.5. Symplectic Hodge rings of pure weight 1. We will now describe some restrictions on the
weights and degrees for symplectic Hodge rings with symplectic form of pure weight 1. We begin
by producing lower bounds on certain Deligne–Hodge numbers of pure weight 1 symplectic Hodge
rings.
Proposition 2.11. Let H be a symplectic Hodge ring with σ a symplectic element of pure weight
1. Then Ij,k;2i ≥ 1 for all j + k = 3i, j, k ≥ i and i ≤ 2d.
Proof. Let us look at the maps (
GrW3 H
2
)⊗i
−→ GrW3iH
2i
of pure Hodge structures. Let [σ] be the class of σ in H2,1(GrW3 H
2) and let [σ] be its complex
conjugate class in H1,2(GrW3 H
2
C). Let σ be a lift of [σ] to I
1,2;2. We would like to show that
σk ·σℓ ∈ I2k+ℓ,ℓ+2k;2(k+ℓ) maps to a nonzero class for all k, ℓ so that k+ ℓ ≤ d. We know that σℓ 6= 0
for all ℓ ≤ d, therefore σℓ 6= 0 for all ℓ ≤ d. Since σℓ ∈ Iℓ,2ℓ;2ℓ and ℓ ≤ d by assumption, we may
apply Lemma 2.9 to see that σk · σℓ maps to a nonzero element of I2k+ℓ,k+2ℓ;2(ℓ+k) for all ℓ+ k ≤ d
by Lemma 2.9. 
Corollary 2.12. Let H be a symplectic Hodge ring so that GrW3 H
2 ∼= H1(E;Q)(−1) for an elliptic
curve E. Then for all i ≤ d, there is an injective map from Symi(H1(E;Q)(−1)) to GrW3iH
2i.
Proof. Let our notation be as in the proof of Proposition 2.11. Under our assumptions and the fact
that cup product is a symmetric map, the induced maps
Symi
(
I2,1;2 ⊕ I1,2;2
)
−→ ⊕j+k=3iI
j,k;2i
are injective since σ and σ span I2,1;2 and I1,2;2 respectively. By (2) it follows then that the map
Symi
(
Gr2FGr
WC
3 H
2
C ⊕Gr
1
FGr
WC
3 H
2
C
)
−→ ⊕j≥iGr
j
FGr
WC
3i H
2i
C
is injective and therefore that
Symi
(
GrW3 H
2
)
−→ GrW3iH
2i
is injective as required. 
Remark 2.13. The conditions of Corollary 2.12 are satisfied, for instance, by the symplectic Hodge
rings associated to limit mixed Hodge structures of good degenerations of projective IHS manifolds
of type II (see Section 5 for notation). Other examples of this type are obtained from the purely
elliptic log symplectic structures studied by Pym [Pym17].
Condition (2) in Definition 2.4 implies that we may have GrWj H
i 6= 0 for any j between 0 and 2i
if i ≤ 2d. The following Theorem says that if H is a symplectic Hodge ring of pure weight 1, then
only some of these weights can appear.
Theorem 2.14. Assume that H = ⊕4dℓ=0H
ℓ is a symplectic Hodge ring of pure weight 1, then the
following statements are true.
(1) If d ≤ ℓ ≤ 2d and j ≥ d+ ℓ then GrWj H
ℓ = 0 .
(2) Assume that dimGrℓFH
ℓ
C = 1 if ℓ ≤ 2d is even and 0 otherwise. Then Gr
W
j H
ℓ ∼= 0 if
d ≤ ℓ < 2d and j ≥ d+ ℓ− 1.
Proof. First, we will prove (1). Choose some Ip,q;ℓ with d ≤ ℓ ≤ 2d and with p+q > d+ℓ. By Propo-
sition 2.9, Ip,q;ℓ ∼= I2d−p,q+d−p,ℓ+2(d−p). We know that I2d−p,q+d−p;ℓ+2(d−p) ∼= Iq+d−p,2d−p;ℓ+2(d−p) by
Hodge symmetry. Then the fact that p+q > d+ℓ is is equivalent to the fact that q+d−p > ℓ+2(d−p).
By Definition 2.4(1), we know that GrjFH
i = 0 if j ≥ i, and by Proposition 2.1, we have that
GrjFH
i ∼= ⊕sI
j,s;i. Therefore, Iq+d−p,2d−p;ℓ+2(d−p) = 0, and it follows that Ip,q;ℓ = 0. Since, by
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Proposition 2.1, (GrWj H
ℓ
C) ⊗ C
∼= ⊕p+q=jI
p,q;ℓ, it follows that GrWj H
ℓ
C
∼= 0 if d ≤ ℓ ≤ 2d and
j > d+ ℓ.
Before we prove (2), we will show that, under the conditions listed in (2), Iℓ,s;ℓ = 0 for s 6= ℓ/2.
We have that dim I2m,m;2m ≥ 1 by Proposition 2.11, and by Proposition 2.1, dimGrℓFH
ℓ
C
∼= ⊕jI
ℓ,j;ℓ.
Therefore, our assumption that dimGrℓFH
ℓ
C = 1 if ℓ is even and 0 if ℓ is odd means that I
ℓ,s;ℓ ∼= 0
if either ℓ is odd (and s is arbitrary), or if ℓ is even and s 6= ℓ/2.
Now let us prove (2). Note that, by Proposition 2.1, this is equivalent to showing that dim Ip,q;ℓ ∼=
0 if p + q = j ≥ d + ℓ − 1. By the same reasoning as in the proof of (1), we have that Ip,q;ℓ ∼=
Iq+d−p,2d−p;ℓ+2(d−p). As in the proof of (1), we must have that Iq+d−p,2d−p;ℓ+2(d−p) ∼= 0 if p+q > d+ℓ,
so it will be enough to show that Iq+d−p,2d−p;ℓ+2(d−p) ∼= 0 if p + q = d + ℓ, or equivalently, if
q + d − p = ℓ + 2(d − p). Under this condition, the argument in the second paragraph shows that
Iℓ+2(d−p),2d−p;ℓ+2(d−p) 6= 0 if and only if 2d− p = (ℓ+ 2(d− p))/2, but this is equivalent to 2d = ℓ.
Therefore, Ip,q;ℓ ∼= 0 under the conditions of (2). 
Remark 2.15. Nagai has conjectured that for certain degenerations of projective IHS manifolds,
weight-graded pieces of the limit mixed Hodge structure vanish in certain degrees. We will discuss
the relationship between Theorem 2.14 and Nagai’s conjecture in Section 5.4.
2.6. The curious hard Lefschetz property. In Section 2.7, we will show that if H is symplectic
Hodge ring of pure weight 2, then H is Hodge–Tate and has the curious hard Lefschetz property.
Definition 2.16. We say that a a Hodge ring H is Hodge–Tate if Ip,q;j = 0 if p 6= q.
If H is Hodge–Tate then it has the property that GrWi H
j = 0 if i is odd, by an application
of Proposition 2.1. Furthermore, the condition that H is Hodge–Tate implies that dimGrW2ℓH
i =
dimGrℓFH
i
C for all i and ℓ.
Remark 2.17. If a symplectic Hodge ring is Hodge–Tate, then any symplectic element σ must lie
in I2,2;2, therefore it is of pure weight 2.
Definition 2.18. We say that a Hodge ring H = ⊕4di=0H
i has the curious hard Lefschetz property
if H is Hodge–Tate and there is some class α ∈ GrW4 H
2 so that the maps
(3) (α ∪ (−))(d−m) : GrW2mH
ℓ −→ GrW4d−2mH
ℓ+2(d−m).
is an isomorphism for all i and j.
LetWC• denote the induced filtration onH
∗
C. We first show that having the curious hard Lefschetz
property over C implies that the curious hard Lefschetz property over Q.
Proposition 2.19. Assume that H is Hodge–Tate and that there is some β ∈ GrW
C
4 H
2
C that has
the property that
(4) (β ∪ (−))(d−m) : GrW
C
2mH
ℓ
C −→ Gr
WC
4d−2mH
ℓ+2(d−m)
C
is an isomorphism for all i and j. Then H has the curious hard Lefschetz property.
Proof. By assumption, we have that GrW4 H
2 ∼= Q(−2)⊕m for some m, so that we get a map for
each ℓ,m,
(Q(−2)⊕m)⊗(d−m) ⊗GrW2mH
ℓ −→ GrW4d−2mH
ℓ+2(d−m)
and therefore, for all ℓ and m, we get a morphism of mixed Hodge structures
(5) GrW4 H
2 −→ HomMHS(Gr
W
2mH
ℓ,GrW4d−2mH
ℓ+2(d−m)).
Our goal is to show that there is some α so that the image of α is an isomorphism for all i, j. By
assumption, this is true if we work over the complex numbers. For a pair of complex vector spaces,
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the subset of Hom(V,W ) made up of isomorphisms is Zariski open, hence there is a nonempty
Zariski open subset of GrW
C
4 H
2 made up of classes β for which (4) holds for all i and j.
The Zariski closure of Qm in Cm is the entirety of Cm, therefore, this nonempty Zariski open
subset intersects GrW4 H
2 ⊂ GrW
C
4 H
2
C nontrivially in a Zariski open subset. Since nonempty Zariski
open subsets Qm contain rational points, this proves the proposition. 
Corollary 2.20. A symplectic Hodge ring is Hodge–Tate if and only if it has the curious Hard
Lefschetz property.
Proof. By definition, if H has the curious hard Lefschetz property, it is Hodge–Tate, so we prove
the converse.
If H is Hodge–Tate then Im,m;ℓ ∼= GrW
C
2m H
ℓ
C and I
m,m,ℓ ∼= GrmFH
ℓ for all ℓ,m. Proposition 2.9
shows that σi induces an isomorphism between Im,m;ℓ and I2d−m,2d−m;ℓ+2(d−m), which then implies
that it induces an isomorphism between GrW
C
2m H
ℓ
C and Gr
WC
4d−2mH
ℓ+2(d−m)
C . Then Proposition 2.19
allows us to deduce that H has the curious hard Lefschetz property. 
2.7. Symplectic Hodge rings of pure weight 2. In the previous section, we remarked that
if a symplectic Hodge ring is Hodge–Tate (or, equivalently, if it has the curious Hard Lefschetz
property), then it has pure weight 2. In this section, we will prove the converse.
Theorem 2.21. Let H = ⊕4di=0H
i be a Hodge ring. Then H is a symplectic Hodge ring of pure
weight 2 if and only if has the curious hard Lefschetz property.
Proof. The main idea in this proof is to use Hodge symmetry and Lemma 2.9 to derive a contra-
diction. Let us assume that there is some Ip,q;b 6= 0 and q 6= p. By Hodge symmetry, Ip,q;b ∼= Iq,p;b,
so there is some Ir,v;b 6= 0 so that r < v. Furthermore, by Lemma 2.9, we know that Ir,v;b ∼=
I2d−r,v+2(d−r);b+2(d−r), and if r > d, then 2d − r < d. Therefore, if there is some Ip,q;b 6= 0 with
p 6= q, then there is some Im,s;ℓ 6= 0 with m < d and m < s.
Now choose m, s, ℓ so that m < d,m < s and so that there is no ℓ′,m′, s′ so that ℓ′ < ℓ and
m′ 6= s′ with the property that Im
′,s′;ℓ′ 6= 0. Our goal now is to derive a contradiction. We use the
same argument as in the previous paragraph. As before, our assumptions imply that
Im,s;ℓ ∼= I2d−m,s+2(d−m);2d−2m+ℓ ∼= Is+2(d−m),2d−m;2d+2m+ℓ ∼= I2m−s;2m−s−d;2(2m−s−d)+ℓ 6= 0.
The first and third equalities come from Lemma 2.9, and the equality in the middle is Hodge
symmetry. We know that s > m and that d > m. Therefore 2m − s − d < 0, and therefore,
2(2m − s − d) + ℓ < ℓ. Furthermore, note that 2m − s = 2m − s − d implies that d = 0, which
cannot happen since, by definition, a symplectic Hodge ring must have d ≥ 1. Therefore, we have
derived a contradiction.
Therefore, if H has a symplectic element of pure weight 2, then it is Hodge–Tate. The claim in
the theorem then follows by Corollary 2.20. 
Corollary 2.22. Let H be a Hodge ring. Then H has the curious hard Lefschetz property if and
only if there is some σ ∈ I2,2;2 so that G•σH = F
•
H.
Remark 2.23. Corollary 2.22 is known for the cohomology rings of character varieties. To our
knowledge, the first explicit appearance of this result for character varieties is [She16, Corollary 3].
3. Log Symplectic pairs
In this section, we give our first examples of a symplectic Hodge ring: the cohomology ring of a
log symplectic pair. In Section 3.3 we will show that a log symplectic pair produces a symplectic
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Hodge ring. In Section 3.4 we look at the consequences of pure weight for log symplectic pairs, first
in terms of the geometry of Y , then in terms of vanishing results for cohomology groups.
We note that the results in this section depend on the divisor Y being simple normal crossings.
The main obstruction to extending these results to cases of more general divisors is our understand-
ing of the relationship between singularities of divisors and mixed Hodge theory. We speculate that
the results of this section hold at least when Y has toroidal singularities, and perhaps more broadly.
3.1. Basic definitions. The following types of objects have been studied (in greater generality) by
several authors; they were first defined by Goto [Got]. More recently, Gualtieri–Pym [GP13], and
Pym [Pym17] have studied log symplectic pairs, as have Lima–Pereira [LP14], and Ran [Ran17].
We will focus on log symplectic pairs (X,Y ) where Y is a simple normal crossings divisor, but
we note that this is not required in many of the works that we have mentioned. First, recall the
following definition.
Definition 3.1. Let Y be a divisor in X. We define ΩiX(log Y ) to be the subsheaf of meromorphic
i-forms on X with poles along Y so that if h is a function whose vanishing defines Y , then hτ and
hdτ are holomorphic forms.
In the case where Y has normal crossings divisors, we may characterize meromorphic forms with
logarithmic poles locally. Take a small holomorphic polydisc D centered at p with coordinates
x1, . . . , xd, so that Y ∩D = V (x1 . . . xk) for some k ≤ d. Then Ω
1
X(log Y )|D is the OD span of
d log x1, . . . , d log xk, dxk+1, . . . , dxd
and ΩmX(log Y )|D = ∧
mΩ1X(log Y )|D. Now we may give the main definition of this section.
Definition 3.2. Let (X,Y ) be a pair consisting of a smooth projective variety X and a divisor
Y . We say that σ ∈ H0(X,Ω2X (log Y )) is a log symplectic form if one of the following equivalent
conditions holds.
(1) The map σ(−,−) : TX(− log Y )⊗TX(− log Y ) −→ OX is nondegenerate at every point.
(2) The wedge power σdimX/2 ∈ Γ(ΩdimXX (log Y ))
∼= Γ(ωX(Y )) is a nonvanishing global section.
If (X,Y ) admits a log symplectic form, we say that it is a log symplectic pair. If Y is a simple
normal crossings divisor, we call (X,Y ) an snc log symplectic pair.
Proposition 3.3. If (X,Y ) forms an snc log symplectic pair with dimX = 2d, and σ is its log
symplectic form, then the map
σj : Ωd−jX (log Y ) −→ Ω
d+j
X (log Y ), τ 7−→ σ
j ∧ τ
is a sheaf isomorphism. Therefore, Hi(X,Ωd−jX (log Y ))
∼= Hi(X,Ω
d+j
X (log Y )) for all i and j.
Proof. The map induced by σj is certainly a morphism of sheaves, since σ is a global holomorphic
form. Since σ is nondegenerate, it follows that follows that it is an injection on stalks. Since
rankΩjX(log Y ) = rankΩ
d−j
X (log Y ) it is an isomorphism on stalks and hence is a sheaf isomorphism.

Remark 3.4. This implies that the Hodge numbers of a log symplectic pair, which we define to be
hp,q(X \ Y ) := dimHq(X,ΩpX(log Y )), have the property that h
p,q(X \ Y ) = h2d−p,q(X \ Y ).
3.2. The mixed Hodge structure on the cohomology of a smooth quasiprojective vari-
ety. Our goal is to show that if (X,Y ) is an snc log symplectic pair with log symplectic form σ
and dimX = 2d then ⊕4dℓ=0H
ℓ(X \ Y ;Q) is a symplectic Hodge ring with symplectic element [σ].
In order to do this, we will review a little bit of the construction which produces mixed Hodge
structures on the cohomology of algebraic varieties. We will give full details in Appendix A.
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Let X be a smooth projective variety, let Y be a snc divisor in X, and let U = X \ Y . Let
j : U −֒→ X be the open embedding. Then there is a quasiisomorphism of complexes, Ω•X(log Y )→
Rj∗Ω
•
U , hence an isomorphism H
ℓ(X; Ω•X (log Y ))
∼= Hℓ(U ;C) ∼= Hℓ(U ;Q) ⊗ C for all ℓ. Deligne
has shown that Hℓ(U ;Q) admits a mixed Hodge structure, and we may identify F pHℓ(U ;C) and
WC• H
ℓ(U ;C) as follows.
Definition 3.5. Let
WCi Ω
j
X(log Y ) =

0 if m < 0
ΩjX(log Y ) if i ≥ j
Ωj−iX ∧Ω
i
X(log Y ) if 0 ≤ i ≤ j
and
F pΩjX(log Y ) = (0 −→ · · · −→ 0 −→ Ω
p
X(log Y ) −→ Ω
p+1
X (log Y ) −→ . . . ).
Then the Hodge and (complexified) weight filtration of Deligne’s canonical mixed Hodge structure
on Hℓ(U ;C) is given by
F pHℓ(X; Ω•X(log Y )) = im(H
ℓ(X;F pΩ•X(log Y ) −→ H
ℓ(X; Ω•X(log Y ))
WCℓ+iH
ℓ(X; Ω•X(log Y )) = im(H
ℓ(X;WCi Ω
•
X(log Y ) −→ H
ℓ(X; Ω•X(log Y ))
The cohomology ring of U admits a cup product as well. On the level of de Rham cohomology the
cup product is given by taking the wedge product of differential forms; on the level of complexes,
this map is produced by taking the map in hypercohomology induced by the morphism
Ω•X(log Y )⊗Ω
•
X(log Y ) −→ Ω
•
X(log Y )
induced by wedge product on logarithmic forms. The following statement is a result of Deligne.
Proposition 3.6 ([Del74, Corollaire 8.2.11]). The cup product on rational cohomology induces
morphisms of mixed Hodge structures,
∪ : Hℓ(U ;Q)⊗Hm(U ;Q) −→ Hℓ+m(U ;Q).
In other words, the cup product in cohomology on a smooth quasiprojective variety preserves
mixed Hodge structures. Combining this with Remark 2.5, we obtain the following consequence.
Corollary 3.7. If U is a smooth quasiprojective variety of dimension d, then HU = ⊕
2d
ℓ=0H
ℓ(U ;Q)
is a Hodge ring.
Global sections of ΩiX(log Y ) can be used to produce elements of H
i(X; Ω•X (log Y )). In general,
if F • is a complex of sheaves on X, and C•GdF
• is its Godement resolution. Then Hi(X,F •) =
Hi(Γ(X, s(CGdF
•))). Therefore, if γ is a closed global section of F p, its image in Γ(s(C•GdF
•)) is
also closed (by construction of C•GdF
•, see e.g. [PS08, §B.2.1]), hence represents a cohomology class
in Hp(X,F •). By the degeneration of the Hodge-to-de Rham spectral sequence for Ω•X(log Y ), any
global section ω of ΩiX(log Y ) is d-closed. We denote its class in H
i(X; Ω•X(log Y )) by [ω]. The classes
[ω] associated to global logarithmic forms span F iHi(X; Ω•X (log Y )). Every such ω determines a
morphism of complexes, Lω : Ω
•
X(log Y )→ Ω
•
X(log Y )[−i] given by wedge product with ω, and the
induced map sends a hypercohomology class α ∈ Hℓ(X,Ω•X (log Y )) to [ω] ∪ α.
3.3. Log symplectic pairs with log symplectic forms of pure weight. In this section, we
investigate the consequences of the following definition.
Definition 3.8. Let (X,Y ) be a snc log symplectic pair and let σ be a log symplectic form on
(X,Y ). We say that σ is of pure weight w if its class in H2(X \ Y ;C) is in I2,w;2.
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Our first observation is that if σ is of pure weight, then the geometry of Y is heavily constrained.
Recall that to any snc divisor Y of dimension d which is a union of irreducible divisors Y1, . . . , Yn,
there is a simplicial complex called its dual intersection complex. This complex is obtained by taking
a simplex ∆I of dimension |I| for each subset I ⊂ {1, . . . , n} for which YI = ∩i∈IYi is nonempty,
and attaching ∆I to ∆J if YJ is contained in YI . The dimension of this complex is 1 less than the
largest number of components of Y that contain a single point. Since Y is normal crossings and X
is assumed to have dimension 2d, the dual intersection complex of Y has dimension at most 2d− 1.
Proposition 3.9. If (X,Y ) is a log symplectic pair of pure weight w = 1, 2 and dimX = 2d, then
the dual intersection complex of Y is of dimension dw − 1. If (X,Y ) is a log symplectic pair with
σ a log symplectic form of pure weight 0, then Y = ∅.
Proof. By our assumption that σ be of pure weight, the class [σ] is in I2,w(H2(U)) for i = 0, 1 or 2. By
Proposition 3.6 cup product respects mixed Hodge structure. Since σ⊗d is the cup product of σ with
itself d times it is contained in I2d,wd(H2d(U)) by Proposition 2.1. Therefore, σ⊗d is a nondegenerate
holomorphic form in Ω2d−dwX ∧ Ω
dw
X (log Y ) which is not contained in Ω
2d−dw+1
X ∧ Ω
dw−1
X (log Y ) so
we must have Ω2d−dwX ∧ Ω
dw
X (log Y ) 6= Ω
2d−dw+1
X ∧ Ω
dw−1
X (log Y ).
We now remark that if D is a polydisc around a point p in complex variables x1, . . . , x2d in X so
that Y is the vanishing locus of x1, . . . , xℓ then Ω
m
X(log Y ) is locally a free module over OD whose
basis is given by wedge products of
d log x1, . . . , d log xℓ, dxℓ+1, . . . , dx2d.
Therefore, the dimension of the dual intersection complex of Y is the largest j so that Ω2d−jX ∧
ΩjX(log Y ) 6= Ω
2d
X (log Y ). If w = 2, the argument in the previous paragraph shows that Ω
2d
X (log Y ) 6=
ΩX∧Ω
2d−1
X (log Y ), so the dual intersection complex of Y must have dimension at least 2d−1. Since
the dimension of the dual intersection complex of Y is at most 2d− 1, it must be exactly 2d− 1 if
w = 2.
In the remaining cases, the fact that Ω2d−dwX ∧ Ω
dw
X (log Y ) 6= Ω
2d−dw+1
X ∧ Ω
dw−1
X (log Y ) shows
the dual intersection complex of Y is of dimension at least dw − 1. We now use the fact that σ
is a non-degenerate form to show that we have equality. Let σ be a global section of Ω2d−dwX ∧
ΩdwX (log Y ). Assume that we may find a local chart with coordinates (x1, . . . , x2d) so that locally
Y = V (x1 . . . xdw+j) for some j ≥ 0. Then
σ = h(x1, . . . , x2d)d log x1 ∧ · · · ∧ d log xdi+j ∧ dxdi+j+1 ∧ · · · ∧ dx2d.
Since σ is in Ω2d−dwX ∧ Ω
dw
X (log Y ), it follows that h(x1, . . . , x2d) must vanish along some subset of
the divisors cut out by x1, . . . , xdw+j , hence σ is degenerate unless j = 0. Therefore, the dimension
of the dual intersection complex of Y is at most dw. This completes the proof of the proposition. 
Corollary 3.10. If (X,Y ) is a log symplectic pair of pure weight 0 then Y = ∅ and X his holo-
morphic symplectic.
Remark 3.11. One may show via examples that the consequences of Theorem 3.9 can fail when
(X,Y ) is not of pure weight. Let S2 be a K3 surface and let S2 be a rational surface with E a
smooth anticanonical elliptic curve in S2. Then (S1 × S2, S1 × E) is a log symplectic pair not of
pure weight whose boundary divisor has dual intersection complex of dimension 0.
We will now strengthen Proposition 3.3 to a statement about how cup product with σ behaves
with respect to the mixed Hodge structure on the Hodge ring H∗(X \ Y ;Q) := ⊕4di=0H
i(X \ Y ;Q).
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Theorem 3.12. Let (X,Y ) be a snc log symplectic pair and let σ be a log symplectic form on
(X,Y ). The map L
(i+j)
σ induces an isomorphism
Grd−i−jF H
d−i(X,Ω•X (log Y )) −→ Gr
d+i+j
F H
d+i+2j(X,Ω•X (log Y ))
for all i and j. Therefore, if (X,Y ) is an snc log symplectic pair, then H∗(X \Y ;Q) is a symplectic
Hodge ring. If σ is of pure weight w then H∗(X \ Y ;Q) is a symplectic Hodge ring of pure weight
w.
Proof. Wedge product with σ induces a map
F pΩjX(log Y ) −→ F
p+2Ωj+2X (log Y )
by definition of the Hodge filtration. The Hodge to de Rham spectral sequence for the Hodge
filtration on Ω•X(log Y ) is the spectral sequence induced by the inclusions
(6) F p+1Ω•X(log Y ) −֒→ F
pΩ•X(log Y ).
This spectral sequence degenerates at the E1 term which implies that the maps
Hk(X,F pΩ•X(log Y )) −→ H
k(X,Ω•X(log Y ))
are injections. There is a long exact sequence obtained from (6) coming from the short exact
sequence of complexes,
0 −→ F p+1Ω•X(log Y ) −→ F
pΩ•X(log Y ) −→ Ω
p
X(log Y )[p] −→ 0.
Since the corresponding spectral seqence degenerates at the E1 term, it breaks up into a number
of short exact sequences of the form
0 −→ Hk(X,F p+1Ω•X(log Y )) −→ H
k(X,F pΩ•X(log Y )) −→ H
k−p(X,ΩpX(log Y )) −→ 0
where Hk(X,F pΩ•X(log Y )) is isomorphic to F
pHk(U ;C). The map L
(i+j)
σ induces a morphism of
filtered complexes Ω•X(log Y ) → Ω
•+2k
X (log Y ) sending F
pΩ•X(log Y ) to F
p+2kΩ•+2kX (log Y ). The
same map sends ΩpX(log Y )[p] to Ω
p+2k
X (log Y )[p]. If p = d − k then this is a quasiisomorphism of
complexes by Proposition 3.3. Hence we obtain a commutative diagram of short exact sequences
induced by σ(i+j),
F d−i−j+1Hd−i(X \ Y ;C) F d−i−jHd−i(X \ Y ;C) Hj(X,Ωd−i−jX (log Y ))
F d+i+j+1Hd+i+2j(X \ Y ;C) F d+i+jHd+i+2j(X \ Y ;C) Hj(X,Ωd+i+jX (log Y ))
which is an isomorphism in the last term. Therefore, we have that σ(i+j) induces an isomorphism
between Grd−i−jF H
d−i(U ;C) and Grd+i+jF H
d+i+2j(U ;C) for all i, j, k. 
The following is then an immediate corollary of Theorem 2.21 and Theorem 3.12.
Corollary 3.13. If (X,Y ) is a log symplectic pair with log symplectic form σ of pure weight 2 then
H∗(X \ Y ;Q) has the curious hard Lefschetz property.
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3.4. Cohomological vanishing for log symplectic pairs of pure weight. Now we may discuss
the consequences of Theorems 2.14 and 2.21 for log symplectic pairs. The new ingredient is the well
known fact that if U is a smooth quasiprojective variety, WiH
j(U ;Q) = 0 if i < j (see e.g. [PS08,
Proposition 4.20]). This enforces very strict bounds on the possible Deligne–Hodge numbers.
Proposition 3.14. If (X,Y ) is a log symplectic pair of pure weight 2 so that dimX = 2d, then
GrmF H
ℓ(X \ Y ;C) = 0 if m < ℓ/2 and Hℓ(X \ Y ;C) ∼= 0 if ℓ > 2d.
Proof. According to Theorem 2.21, the cohomology ring of U is Hodge–Tate. If U is a smooth
variety, then WiH
ℓ(X \ Y ;Q) = 0 if i < ℓ. On the other hand, being Hodge–Tate implies that
dimGrW2mH
ℓ(X \Y ;Q) = dimGrmF H
ℓ(X \Y ;C) for all j, therefore GrmF H
ℓ(X \Y ;C) = 0 if m < ℓ/2.
This proves the first statement.
Now we prove the second statement. Assume that 2m ≥ ℓ > 2d. Since H∗(X \ Y ;Q) is Hodge–
Tate, GrW
C
2m H
ℓ(X \Y ;C) ∼= Im,m;ℓ ∼= I2d−m,2d−m;ℓ+2(d−m) (the final isomorphism comes from Propo-
sition 2.9). Since ℓ > 2d, it follows that 2d −m < ℓ/2 + (d −m), so by the previous paragraph,
GrW2mH
ℓ(X \ Y ;Q) vanishes for all 2m ≥ ℓ. Therefore Hℓ(X \ Y ;Q) vanishes. 
Remark 3.15. Note that an affine variety U of dimension d has the property that Hi(U ;Q) = 0
for i > d by the hard Lefschetz theorem. It is easy to see that not all log symplectic pairs of pure
weight 2 have the property that X \ Y is affine, hence Proposition 3.14 contains new information.
For instance, one may choose a rational elliptic surface E with fibration map π : E → P1 so that π
has a fiber F which is a cycle of rational curves. Then (E , F ) is a log symplectic pair but E \ F is
not affine, in fact its affinization is A1.
Proposition 3.16. Let (X,Y ) be a log symplectic pair of pure weight 1 and assume that dimX =
2d. Then GrpFH
ℓ(X \ Y ;C) = 0 if p < ℓ− d.
Proof. Since dimGrpFH
ℓ(X \Y ;C) =
∑
s dim I
p,s;ℓ it is enough to show that Ip,s;ℓ = 0 for p < ℓ−d.
Before proceeding, we also note that since X is smooth, GrWmH
ℓ(X \ Y ;Q) = 0 if m < ℓ, hence if
Ip,s;ℓ 6= 0 then p+ s ≥ ℓ.
Assume that Ip,s;ℓ 6= 0. Then we have that
Ip,s;ℓ ∼= Is,p;ℓ ∼= I2d−s,p+d−s,ℓ+2(d−s)
by Proposition 2.9 and Hodge symmetry. It follows that if Ip,s;ℓ 6= 0, we must have 3d − 2s + p ≥
ℓ+ 2(d− s), which is equivalent to p ≥ ℓ− d. 
4. Examples of log symplectic pairs
In this section, our goal is to construct examples of log symplectic pairs. The most basic examples
of log symplectic pairs occur in dimension 2. Let S be a surface, and let D be a snc anticanon-
ical divisor, then Ω2X(logD)
∼= ωS(D) ∼= OS , hence any holomorphic global section of ωS(D) is
nondegenerate. Furthermore, dimH2,0(S \D;C) = 1 and it follows that (S,D) is of pure weight.
Therefore, by Theorem 3.9, being of pure weight 1 is equivalent to Y being smooth, and being of
pure weight 2 is equivalent to Y having nodes, and pure weight 0 is equivalent to D being empty,
that is, S is a Calabi–Yau surface.
The following sections explain constructions of log symplectic pairs of higher dimensions.
4.1. Hilbert schemes of points on log symplectic surfaces. In this section, we will explain
that log symplectic varieties of pure weight 1 exist in all dimensions due to a theorem of Ran. It is
classically known that the Hilbert scheme of points on a surface is smooth, and furthermore that
if S is a surface admitting a log symplectic structure then there is a log symplectic structure on its
Hilbert scheme of points in the sense of Definition 3.1 (see [Got] for details).
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Precisely, if (S,D) is a log symplectic pair where dimS = 2, then the Hilbert scheme S[n] of
n points on S admits a morphism, S[n] → Symn(S), called the Hilbert–Chow morphism, to the
nth symmetric power of S. The divisor D determines a divisor D′ in Symn(S) as the image of the
divisor
D˜ = D × S × · · · × S ⊆ Sn
under the quotient map Sn → Symn(S). There is then a log symplectic structure on S[n] whose de-
generacy divisor is the proper transform of D′ under the Hilbert–Chow morphism S[n] → Symn(S).
This divisor, which we will call D′′, is not simple normal crossings if n 6= 1, so while the pair
(S[n],D′′) is log symplectic, it is not snc log symplectic. The Hilbert scheme parametrizes sub-
schemes of S of length n, hence we may stratify S[n] by the intersection index of a length n
subscheme with D. This is called the incidence stratification of S[n] with respect to D.
Ran showed in [Ran16] that if D is smooth then iterated blow up along the subschemes making
up the incidence stratification makes the preimage of the divisor D′′ simple normal crossings. Let
S
[n]
r denote this blow up and let Dr denote the preimage of D
′′ in S
[n]
r . Ran showed that Dr is an
snc divisor and that the pullback of the log symplectic form on S[n] along this resolution has log
poles with respect to Dr. Therefore (S
[n]
r ,Dr) is an snc log symplectic pair.
Proposition 4.1. The snc log symplectic pair (S
[n]
r ,Dr) is of pure weight 1.
Proof. Ran [Ran16] shows that the log symplectic form constructe on S
[n]
r is P-normal which
means that at each point in Dr there is some local coordinate chart centered at p with coordi-
nates (z1, . . . , zn, y1, . . . , yn) so that Y = V (x1 . . . xk) for some k ≤ n and
(7) σ = d log z1 ∧ dy1 + · · · + d log zk ∧ dyk + dzk+1 ∧ dyk+1 + · · · + dzn ∧ dyn.
Therefore, [σ] ∈ W3H
2(S
[n]
r \ Dr;C) by the definition of the weight filtration on the complex
Ω•
S[n]
(logDr).
Now we would like to show that I2,0;2 = 0, or equivalently, that GrW2 H
2(S
[n]
r \Dr;Q) ∼= Q(−2)
m
for somem. If we can show this, then since σ ∈ I2,1;2⊕I2,0;2 (by the argument above), it follows that
σ ∈ I2,1;2. Recall that for any noncompact variety U with a snc compactification X, GrWi H
i(U ;Q)
is the image of the pullback map Hi(X;Q)→ Hi(U ;Q) (see e.g. [Voi07, Remark 8.37]). We have a
normal crossings compactification S
[n]
r of S
[n]
r \Dr, and furthermore we know that S
[n] is unirational.
Since h2(OX) = 0 for any unirational variety, the result follows. 
4.2. Purely elliptic log symplectic pairs. We would now like to define what Pym calls purely
elliptic log symplectic structures. Quoting the definition in [Pym17] would take us somewhat far
afield, so instead, we choose to provide an an equivalent definition in the case where dimX = 4
coming from the local description in [Pym17, Theorem 4.5].
Definition 4.2 ([Pym17, Theorem 4.5]). Let X be a smooth fourfold, and let Y be a divisor in X.
A log symplectic structure σ on (X,Y ) is purely elliptic if there are local holomorphic coordinates
around each singular point of Y in which Y is given by one of the equations in Table 4.2 and σ is
of the form
σ = d log f ∧ dw − a
xdy ∧ dz
λf
+ b
ydx ∧ dz
λf
− c
zdx ∧ dy
λf
up to scaling.
We will now characterize the Hodge theoretic properties of purely elliptic log symplectic pairs
of dimension 4. Before proceeding, note that, by our definition, if (X,Y ) is a purely elliptic log
symplectic pair, then the singular locus of Y is a smooth curve.
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Polynomial equation f (a, b, c)
x3 + y3 + z3 + τxyz (1, 1, 1)
x4 + y4 + z3 + τxyz (1, 1, 2)
x6 + y3 + z3 + τxyz (1, 2, 3)
Table 1. Local models for elliptic singularities
Theorem 4.3. Let (X,Y ) be a purely elliptic log symplectic pair with log symplectic form σ and
so that dimX = 4. Let C denote the curve of singularities in Y and assume that C is connected.
Let Y ′ be the proper transform of Y under blow up b : BlCX → X of C, and let E denote the
exceptional divisor of b. Then the following statements hold.
(1) (BlCX,Y
′ ∪ E) is an snc log symplectic pair.
(2) If h2,0(X) = 0 then (BlCX,Y
′ ∪ E) is log symplectic of pure weight 1.
(3) GrW3 H
2(X \ Y ;Q) ∼= H1(C ′;Q)(−1) where C ′ is an elliptic curve.
Proof. For ease of notation, we will address only the case where f = x3 + y3 + z3 + τxyz. The
remaining cases are identical and we leave them to the reader.
Let us start by proving (1). We know that σ has only nondegenerate logarithmic poles along Y sm
(the smooth part of Y ) and is closed. Our goal is then to show that b∗σ has only logarithmic poles
along Y ′ and E and b∗σ ∧ b∗σ is logarithmically nondegenerate. We can check this locally, viewing
BlCX as a subvariety of C
4 × P3 where P3 has coordinates [q1 : q2 : q3 : q4], and BlCX has local
equation
xq2 = yq1, xq3 = zq1, yq3 = zq2,
and in fact only the first two equations are necessary. We can then cover this with charts where
q1, q2, q3 = 1 respectively. By symmetry, we will only look at q1 = 1. Therefore, we have that
y = xq2, z = xq3. Making this substitution, we find that
f(x, xq2, xq3) = x
3(1 + q32 + q
3
3 + τq2q3),
which is a smooth cubic. Let f0 = 1 + q
3
2 + q
3
3 + τq2q3. Then σ becomes
(d log f0 + 3d log x) ∧ dw + d log x ∧ ((q2 − q3)(dq2 − dq3))/λf0 + (dq2 ∧ dq3)/λf0.
Therefore f0xb
∗σ is holomorphic. Furthermore, db∗σ is closed since σ is closed, so, by definition,
b∗σ has logarithmic poles along xf0 = 0.
Now we must show that b∗σ ∧ b∗σ is nondegenerate. We note that
σ ∧ σ = −(x∂xf + y∂yf + z∂zf)(dx ∧ dy ∧ dz ∧ dw)/λf
2.
Since f is a homogeneous polynomial of degree 3, x∂xf + y∂yf + z∂zf = 3f , therefore,
σ ∧ σ = −3
dx ∧ dy ∧ dz ∧ dw
λf
We then have that
b∗(σ ∧ σ) = b∗σ ∧ b∗σ = −9
dx ∧ (xdq2 + q2dx) ∧ (xdq3 + q3dx) ∧ dw
λx3f0
= −9
dx ∧ dq2 ∧ dq3 ∧ dw
λxf0
.
Since f0 = 0 is smooth, it follows that b
∗σ ∧ b∗σ is a logarithmic volume form near x = f0 = 0 and
along x = 0. This completes the proof since the holomorphic symplectic form σ is nondegenerate
away from singular points of Y .
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Now we prove (2). We know that YC = Y
′ ∪E and hence the maximal number of components in
YC which intersect one another is at most 2. Thus the spectral sequence computing the mixed Hodge
structure on H∗(BlCX \Y
′ ∪E;Q) ([Voi07, Theorem 8.34]) shows that GrW4 H
2(BlCX \YC ;Q) = 0,
hence I2,2(H2(BlCX \ YC ;Q)) = 0. If h
2,0(X) = 0, then the same is true for BlCX by [Voi07,
Theorem 7.31] and the fact that C is a curve. Therefore, it follows that I2,0(H2(BlYX \YC ;C)) = 0.
Thus the only nonvanishing I2,w(H2(BlCX \ YC ;Q)) is I
2,1 and therefore (BlCX,YC) is of pure
weight 1.
Now let us prove (3). By the local description of the blow up along C described above, it is clear
that the intersection of f0 = 0 and x = 0 (which we will denote Z) is isotrivially fibered over C by
an elliptic curve C ′. Since Y ′ ∪E is a normal crossings anticanonical divisor in BlCX, it follows by
adjunction that Y ′∩E = Z is anticanonical in Y ′ and E respectively. Therefore, it is a Calabi–Yau
surface, which means it is either a K3 surface or an abelian surface. Since no K3 surface admits
a smooth elliptic fibration over a curve, it follows that Z is an abelian surface and hence C ′ is an
elliptic curve. By construction, E is a P2 bundle over C, hence H1(E;Q) ∼= H3(E;Q)(1) ∼= H1(C;Q)
and the Gysin homomorphism
(8) H1(Z;Q) ∼= H1(C;Q)⊕H1(C ′;Q) −→ H3(E;Q)
is surjective. The standard spectral sequence computing the mixed Hodge structure on cohomology
of BlCX \YC (see e.g. [Voi07, Theorem 8.34]) says that Gr
W
3 H
2(BlCX \YC ;Q) is isomorphic to the
kernel of the direct sum of Gysin maps,
H1(Z;Q) ∼= H1(C;Q)⊕H1(C ′;Q) −→ H3(E;Q)⊕H3(Y ′;Q).
Therefore, dim I2,1;2,dim I1,2;2 ≤ 1 by (8). By Proposition 2.11 and (2), we know that
dim I2,1;2,dim I1,2;2 ≥ 1.
Therefore, GrW3 H
2(BlCX \ (Y
′ ∪ E);Q) is isomorphic to H1(C ′;Q). This proves (3).

One of the goals of [Pym17] is to restrict the structure of varieties which may admit purely
elliptic log symplectic structures. The cohomological restrictions in Proposition 3.16 offer stringent
restrictions on the structure of (X,Y ) and C.
We also note that an example satisfying all of the assumptions in Theorem 4.3 coming from work
of Feigin and Odesski [OF89] is described in [Pym17].
4.3. Constructing more examples. The goal of this section is to explain how one can produce
new examples of log symplectic varieties from known examples. This implies that unlike the case
of compact holomorphic symplectic manifolds, we can produce many families of log symplectic
varieties once we are able to produce a single example. In particular, the examples in Section 4.2
can be used to produce a host of new examples by appropriate blow up. It will be important to
have a nice local form for the log symplectic form σ near smooth points of Yi. Such an expression
is supplied by Goto.
Lemma 4.4 (Goto [Got, Lemma 1-2]). Let (X,Y ) be log symplectic with dimX = 2d and let p be
a smooth point in Y . Then there are holomorphic coordinates x1, . . . , x2d near p so that Y = V (x1)
and
σ =
dx1
x1
∧ dx2 + dx3 ∧ dx4 + · · ·+ dx2d−1 ∧ dx2d.
We will refer to coordinates in which σ has the form of Lemma 4.4 as log holomorphic Darboux
coordinates. If (X,Y ) is a log symplectic pair, then the log symplectic form σ induces an isomorphism
TX(− log Y ) −→ ΩX(log Y )
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Therefore σ is equivalent to a holomorphic bivector field σ′ ∈ H0(X,∧2TX(− log Y )), which pro-
duces the inverse of σ,
ΩX(log Y ) −→ TX(− log Y ).
We note that TX(− log Y ) is a subsheaf of TX , therefore, this map can be extended to a homo-
morphism from ΩX(log Y ) to TX which is, of course, no longer an isomorphism.
Definition 4.5. Let V be a compact subvariety of X, We say that V is a closed symplectic leaf of
(X,Y ) if at each point p in a Zariski open dense subset of V , the image of the map
ΩX(log Y )p −→ TX,p
coincides with i∗TZ,p.
Let p ∈ Y be a smooth point and assume that V is a symplectic leaf of σ. Then we can
write σ in holomorphic Darboux coordinates in a polydisc D near p to see that the image of
ΩX(log Y )p → TX,p is the span of ∂x2, . . . , ∂x2d. Therefore, V is locally written as V (z1, z2).
The first claim in the following theorem is a generalization of a result appearing in work of
Hacking and Keel [HKar].
Theorem 4.6. Let (X,Y ) log symplectic pair with log symplectic form σ and let V be a closed
symplectic leaf of σ of codimension 2 in X, which is contained in Y1 and which intersects all strata
YI ⊆ Y1 transversally. Let b : BlVX → X be the blow up of X in V , let YV be the proper transform
of Y under b. Then:
(1) (BlVX,YV ) is log symplectic with symplectic form b
∗σ.
(2) If (X,Y ) is pure of weight w then (BlVX,YV ) is also pure of weight w.
Proof. First, we note that since V intersects each YI in Y1 transversally, the proper transform of Y
under the blow up map remains snc. Now we show that b∗σ is log symplectic.
We start by proving (1). This is essentially a local computation, so we restrict ourselves to local
charts in X. Let us choose some open polydisc D in X centered at a smooth point p in Y which
contains Z, and let us assume that we have chosen a Darboux coordinate system (Proposition 4.4),
so that
σ = d log x1 ∧ dx2 + · · ·+ dx2d−1 ∧ dx2d.
In this coordinate system we have that Y1 = V (x1) and by the argument before the statement
of the proposition, V = V (x1, x2). Now we will blow up X in V and show that b
∗σ remains log
symplectic. The blow up is covered by two charts
U1 = {x1t = x2} ∈ D × Ct, U2 = {x1 = x2s} ∈ D × Cs.
In U1, the proper transform of x1 = 0 does not intersect the exceptional divisor, and in U2, the
proper transform of x1 = 0 is given by s = 0. In U1, π
∗
V σ is written as
b∗σ|U1 = d log x1 ∧ (x1dt+ tdx1) + · · ·+ dx2d−1 ∧ dx2d
= dx1 ∧ dt+ · · · + dx2d−1 ∧ dx2d
and in U2, b
∗σ is written as
b∗V σ|U2 = d log s ∧ dx2 + · · · + dx2d−1 ∧ dx2d.
Therefore, b∗σ|C1 and b
∗σ|C2 are expressed in holomorphic and log holomophic Darboux coordinates
respectively and thus b∗σ is nondegenerate everywhere in the preimage of a Zariski open subset of
V . Since near a point outside of V , b is the identity, we also have that b∗σ has log poles on YV and
is nondegenerate everywhere except perhaps at points which are in the preimage of the intersection
of V and components Y2, . . . , Yk, which is a subset of codimension 2.
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Let p ∈ BlVX. Then b
∗σ is nondegenerate at p if and only if b∗σ is a section of Ω2dX (log Y )
which does not vanish at p. By the argument above, the vanishing locus of b∗σ is contained in the
intersection of V and Y2 ∪ . . . Yk, which has codimension at least 2 in BlVX. Therefore, b
∗σ does
not vanish at any point in BlVX.
Now we prove (2). For the sake of simplicity, we will ignore coefficients in cohomology. Let
EV be the intersection of BlVX \ YV and the exceptional divisor of b. We begin by noticing that
b|BlVX\(YV ∪EV ) is a biholomorphic map with image X \ Y . We will use the notation ι to denote its
inverse composed with the open embedding of BlVX \ (YV ∪ EV ) into BlVX \ YV .
We would like to show that the map ι∗ : H2(BlVX \YV )→ H
2(X \Y ) is injective on F 2, and that
this map sends the class represented by ι∗σ to the class represented by σ. If we can show these two
things, then the result comes from the following argument. The map ι∗ induces a morphism of mixed
Hodge structures. A morphism of mixed Hodge structures between (V1, F1,W2) and (V2, F2,W2)
sends I2,w(V1) to I
2,w(V2) and agrees with the induced morphism on Hodge and weight graded
pieces, therefore, the induced maps I2,i(H2(BlVX \ Y ))→ I
2,i(H2(X \ Y )) are injective for each i.
We can represent [ι∗σ] uniquely as a sum of classes σ2,0+σ2,1+σ2,2 where σ2,i ∈ I
2,i(H2(BlVX\YV )).
Since ι∗ is injective on each summand and [σ] is pure of weight w for some w ∈ {0, 1, 2}, it follows
that σ2,i = 0 for i 6= w.
We start by showing that the pullback map H2(BlVX \ YV ) → H
2(X \ Y ) is injective on F 2,
or equivalently, that the map H2d−2c (X \ Y ) → H
2d−2
c (BlV Y \ YV ) is surjective in Gr
2d−4
F . By
construction, we have that X \ Y is a Zariski open subset of BlV Y \ YV , and its complement is
EV , an A
1 bundle over V . We have a long exact sequence of mixed Hodge structures (see [Fuj80]
or [PS08, pp. 138])
· · · −→ Hic(X \ Y ) −→ H
i
c(BlV Y \ YV ) −→ H
i
c(EV ) −→ . . .
The mixed Hodge structure on H2d−2c (EV ) is dual to that of H
0(EV ), therefore, it is isomorphic to
Q(1 − d), hence Gr2d−4F H
2(EV ) = 0, and it follows that the induced map Gr
2d−4
F H
2d−2
c (X \ Y ) →
Gr2d−4F H
2d−2(BlV Y \ YV ) is surjective. By duality, we obtain the desired injectivity.
Now [ι∗σ] induces a class in F 2H2(BlVX \ YV ), via the quasi-isomorphism
A
•
BlV X
(log YV ) −֒→ A
•
BlVX\YV
obtained by pullback, and the fact that ι∗σ is closed. The map Hi(BlVX \ YV ) → H
i(X \ V ) is a
morphism of mixed Hodge structure and is induced, again, by pullback on forms,
A
•
BlV X\YV
−→ A •X\Y
so that class represented by b∗σ in H2(BlVX \ YV ) is identified with the class of σ, since ι is an
isomorphism away from the exceptional divisor EV . This proves the result.

Example 4.7 (Blow ups of the Feigin–Odesski example). Feigin and Odesski [OF89] constructed a
collections log symplectic pairs and Pym [Pym17] has shown that one of their examples is purely
elliptic. Let E be an elliptic curve and let φ : E → P4 be an embedding of E determined by a line
bundle of degree 5. Then we may let Y = Sec(E) be the secant variety of lines determined by E.
Pym showed that there is a purely elliptic log symplectic structure on P4 whose degeneracy divisor
is Sec(E).
Following Proposition 4.3 we may blow up P4 in a curve to obtain a snc log symplectic pair
whose boundary composed of a pair of divisors, both of which are fiber bundles over a product of
elliptic curves. The symplectic leaves of this Poisson structure are P1-bundles over factors of this
product of elliptic curves. We may then produce an infinite number of examples of log symplectic
pairs of pure weight 1 and dimension 4 by the process described in this section.
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Example 4.8 (Cluster varieties). Let N be lattice of rank 2d, and let Σ be a rational, complete fan
inside of M ⊗R, so that each cone C of Σ has generators which generate spanR(C)∩M . Then the
associated toric variety XΣ is smooth and projective. Let α be a holomorphic 2-form on C
∗2d of
the form
α =
∑
1≤i<j≤2d
aijd log xi ∧ d log xj
and assume that the alternating matrix A = [aij ] is nondegenerate. It is known [Pym17, Example]
that α extends to a log symplectic form on the pair (XΣ, YΣ) where YΣ is the union of the torus
orbits in XΣ of dimension ≤ 2d− 1.
Let Z = {Z1, . . . , Zk} be symplectic leaves of the Poisson structure on XΣ induced by α, and
assume that for each torus orbit, T of XΣ, and for all i 6= j, Zi ∩ T and Zj ∩ T intersect transver-
sally. Then we then may repeatedly blow up along Z1, . . . , Zj to obtain a new log symplectic pair
(XΣ,Z , YΣ,Z). The variety UΣ,Z := XΣ,Z \ YΣ,Z is called a cluster variety by Hacking and Keel
[HKar]. The cohomology of such varieties will be studied in detail in [Har20].
5. Degenerations of holomorphic symplectic manifolds
The goal of this section is to show that log symplectic pairs also occur as the limit mixed
Hodge structure of good degenerations of holomorphic symplectic varieties. We will also show that
the components of a good degeneration of holomorphic symplectic varieties are themselves log
symplectic pairs of pure weight. This result should be of independent interest, as it characterizes
the components of good degenerations of hyperka¨hler varieties.
5.1. Limit mixed Hodge structures. We will now discuss breifly the construction of limit mixed
Hodge structures and their cup products. More details will be provided in Appendix A.
Definition 5.1. A degeneration is a Ka¨hler manifold X equipped with a proper complex analytic
map π : X → ∆ and so that Xt = π
−1(t) is smooth and projective if t 6= 0. We say a degeneration
is semistable if near each point in X0, there is an open polydisc in X with variables (z1, . . . , zd) in
which π = z1 . . . zk for some k ≤ d.
Associated to any semistable degeneration, there is a limit mixed Hodge structure. The precise
definition of the limit mixed Hodge structure is given in Appendix A, but we will discuss the
relevant details here. Let Ω1
X /∆(logX0) = Ω
1
X
(logX0)/π
∗Ω1∆(log 0), and define
Ωi
X /∆(logX0) = ∧
iΩ1
X /∆(logX0), Λ
i
X0 = Ω
i
X /∆(logX0)⊗ OX0 .
The rational structure on the limit mixed Hodge structure is given by Hj(X∞;Q) where X∞ is
defined to be the coproduct exp∗(X \X0) as in the following diagram
X∞ X \X0
h ∆ \ 0.
π|X \X0
exp
The space X∞ is a locally trivial fibration over the complex upper half plane h, therefore its
cohomology isomorphic to Hj(Xt;Q) for a choice of fiber Xt = π
−1(t) with t 6= 0. Then, by [Ste76,
Proposition 2.16],
Hj(X0; Λ
•
X0)
∼= Hj(X∞;Q)⊗ C
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for all j. Under this isomorphism, one may define the Hodge filtration on Hj(X∞;C) by taking the
stupid filtration on Λ•X0 , i.e.
F pΛ•X0 = (0 −→ · · · −→ 0 −→ Λ
p
X0
−→ Λp+1X0 −→ . . . )
and letting
F pHj(X0; Λ
•
X0) = im(H
j(X0;F
pΛ•X0) −→ H
j(X0; Λ
•
X0))
The wedge product pairing on Ω•
X
(logX0) descends to a cup product pairing µ on Λ
•
X0
, and it is
straightforward that F p1Λ•X0 ⊗ F
p2Λ•X0 maps to F
p1+p2Λ•X0 under this pairing. Therefore, the cup
product pairing induces maps
(9) Hj1(X0; Λ
•
X0)⊗H
j2(X0; Λ
•
X0) −→ H
j1+j2(X0; Λ
•
X0)
which preserves the Hodge filtration. We would like this to be a morphism of mixed Hodge struc-
tures, but showing this is not straightforward, since the weight filtration on the limit mixed Hodge
structure is not naturally defined in terms of Λ•X0 (see [PS08, pp.268]), but is defined terms of an
auxiliary complex s(A •,•) (see Section A for definition), and there does not seem to be a natural
map
s(A •,•)⊗ s(A •,•) −→ s(A •,•)
compatible with the cup product which preserves the weight filtration. This deficiency has been
addressed by Fujisawa [Fuj14, Fuj10] (following El Zein [EZ86]) by producing a weak cohomological
mixed Hodge complex (by simplicial methods) for which there is a cup product map compatible
with wedge product in Λ•X0 . We refer to [Fuj10, §2.4] for a precise description of this complex as
well as the cup product map. We have the following result.
Theorem 5.2 (Fujisawa, [Fuj10, Propositions 3.3, 4.4]). There is a weak cohomological mixed
Hodge complex K whose underlying complex of C-valued sheaves we denote KC. There is a filtered
quasi isomorphism of complexes,
Λ•X0 −→ KC
and a natural cup product maps
Φ : K ⊗K −→ K
which induce morphisms of mixed Hodge structures, and so that the induced map
Hp(X0,Λ
•
X0)⊗H
q(X0,Λ
•
X0) −→ H
p+q(X0,Λ
•
X0)
agrees with the map induced the wedge product µ.
Consequently, for every j1, j2, there is a cup product map
Hj1(X∞;Q)⊗H
j2(X∞;Q) −→ H
j1+j2(X∞;Q)
which is a morphism of mixed Hodge structures, and so that, under the isomorphisms in (9), this
map is induced by µ. We have the following corollary.
Corollary 5.3. Let π : X → ∆ be a semistable degeneration. The graded group ⊕2di=0H
i(X∞;Q)
admits the structure of a Hodge ring when each Hi(X∞;Q) is equipped with the limit mixed Hodge
structure and the cup product pairing µ.
Proof. If Xt is a smooth fiber of π then we know that
dimGrpFH
p+q(Xt;C) = dimGr
p
FH
p+q(X∞;C)
for all p, q by [Ste76, Theorem 2.18]. Therefore, HX satisfies the first part of Definition 2.4, since
Definition 2.4(1) holds for all smooth varieties. To check the second condition in Definition 2.4,
note that by Theorem 5.2, cup product on HX induces morphisms of mixed Hodge structures. 
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5.2. Good degenerations and symplectic Hodge rings. In this section, we will prove that if
π : X → ∆ is a good degeneration of holomorphic symplectic manifolds then the corresponding
limit mixed Hodge structure is in fact a symplectic Hodge ring.
Definition 5.4 (Nagai [Nag08]). Let X → ∆ be a semistable degeneration whose smooth fibers
are holomorphic symplectic manifolds of dimension 2d. Let σ ∈ H0(X0,Ω
2
X /∆(logX0)). By abuse
of notation, we will also use σ to refer to the corresponding element of H0(X0; Λ
•
X0
).
(1) A component W of X0 = π
−1(0) is called a good component if at each point of W , σd is
nonvanishing.
(2) We say that π : X → ∆ is a good degeneration if all components of X0 are good. In other
words, σd is nonvanishing on X0.
Remark 5.5. We expect that good degenerations are rare in practice, but that it is easier to find
good components of semistable degenerations.
Note that σ is d-closed on X0, therefore σ determines a closed element of Γ(s(C
•
GdΛ
•
X0
)). In fact,
it determines a closed element of Γ(s(C•Gdτ≥2Λ
•
X0
)), and, in turn, in F 2H2(X0; ΛX0). We say that
σ is of pure weight w if its class [σ] in F 2H2(X0; Λ
•
X0
) is in I2,w.
Theorem 5.6. Let π : X → ∆ be a good degeneration. Then H∗(X∞;Q) is a symplectic Hodge
ring. If σ is of pure weight w then H∗(X∞;Q) is a symplectic Hodge ring of pure weight w.
Proof. This proof that follows is nearly identical to Theorem 2.7. We must show that a symplectic
form on X induces a symplectic element in this Hodge ring. The remainder of the proof is very
similar to the proof of Theorem 3.12, so we will only sketch it. Before proceeding, note that The-
orem 5.2 also says that the wedge product pairing on complexes induces the complex part of a
homomorphism of mixed Hodge complexes, H∗(X∞;Q)⊗H
∗(X∞;Q)→ H
∗(X∞;Q).
(1) First, we may see that ∧kσ : Λd−kX0 → Λ
d+k
X0
is an isomorphism for all k. First, recall that
Λd−kX0 is a locally free sheaf of rank
(
2d
d−k
)
. Nonvanishing of σd means that the Pfaffian of σ
is nonvanishing at each point in X0, therefore ∧
kσ is an isomorphism at each point, hence
an isomorphism of sheaves.
(2) Next, we remark that the map of complexes Lσ : Λ
•
X0
→ Λ•+2X0 sending an element to its
wedge product with σ induces a homomorphism Hj(X0; Λ
•
X0
)→ Hj+2(X0; Λ
•
X0
). This map
is the cup product with the cohomology class [σ].
(3) Finally, one must show that the induced map
[σ](i+j) : Grd−i−jF H
d−i(X0; Λ
•
X0) −→ Gr
d+i+j
F H
d+i+2j(X0; Λ
•
X0)
is an isomorphism. This is identical to the proof of Theorem 3.12..
The fact that this Hodge ring is of pure weight if σ is of pure weight is evident. 
5.3. Degenerations of projective IHS manifolds. In this section, we will specialize our results
to degenerations of projective IHS manifolds. A projective IHS manifold is a smooth, simply con-
nected, projective variety which is holomorphic symplectic and so that dimH0(X; ΩiX) = 0 of i is
odd and 1 if i is even and i ≤ 2d. Assume that π : X → ∆ is a good degeneration and that Xt is a
projective IHS manifold, then h2,0(Xt) = 1 for a general Xt of π. It follows from work of Steenbrink
[Ste76, Theorem 2.18] that dimH0(Xt; Ω
2
Xt
) = dimH0(X0; Λ
2
X0
), therefore dimH0(X0,Λ
2
X0
) ∼= C,
thus π : X → ∆ is automatically of pure weight 0, 1, or 2.
Definition 5.7. Let π : X → ∆ be a semistable degeneration. Then the monodromy operator
T : Hi(X∞;Q)→ H
i(X∞;Q) is unipotent; therefore Ni = log Ti is nilpotent.
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(1) The order of nilpotency of Ni is the smallest j so that N
j
i = 0. We use νi denote the order
of nilpotency of Ni.
(2) We say that π : X → ∆ is of type I if ν2 = 0, type II if the ν2 = 1, and type III if ν2 = 2.
Remark 5.8. This terminology originates in work of Kulikov [Kul77] where degenerations of K3
surfaces are classified.
For any semistable degeneration π : X → ∆ operator Nkm induces the weight filtration on
Hm(X∞;Q) (this is the main result of [GNA90]). Therefore, N
k
m is an operator on H
m(X∞;Q)
which maps Wi to Wi−2 and induces isomorphisms
(10) Nkm : Gr
W
m+kH
m(X0;Q)→ Gr
W
m−kH
m(X∞;Q)
for all m,k.
Proposition 5.9. If π : X → ∆ is a good degeneration of projective IHS manifolds with symplectic
form σ, then σ is of pure weight ν2.
Proof. Note that if ν2 = 0 then (10) implies that Gr
W
i H
2(X∞;Q) = 0 if i 6= 2. Therefore σ
must have pure weight 0. If ν2 = 1 then Gr
W
4 H
2(X∞;Q) = 0 and Gr
W
3 H
2(X∞;Q) 6= 0. Since
dimGrW3 H
2(X∞;Q) = dim I
2,1;2 + dim I1,1;2 (since GrW3 H
2(X∞;Q) carries a pure Hodge structure
of weight 3, by Hodge symmetry, and by Proposition 2.1). Therefore, I2,1;2 ∼= F 2H2(X∞;C), hence σ
is of pure weight 1. Finally, if ν2 = 2 then Gr
W
4 H
2(X∞;Q) 6= 0 and dimGr
W
4 H
2(X∞;Q) = dim I
2,2;2
(since GrW4 H
2(X∞;Q) carries a pure Hodge structure of weight 4, by Hodge symmetry, and by
Proposition 2.1). Therefore, I2,2;2 ∼= C thus σ is of pure weight 2. 
Corollary 5.10. If π : X → ∆ is a type III degeneration of projective IHS manifolds, then the
cohomology ring H∗(X∞;Q) has the curious hard Lefschetz property.
Remark 5.11. This corollary can also be partially deduced from the main result of [HLSY19].
5.4. Remarks on Nagai’s conjecture. In [Nag08], Nagai made a conjecture about the structure
of the monodromy weight filtration of degenerations of projective IHS manifolds.
Conjecture 5.12 (Nagai). Let π : X → ∆ be a semistable degeneration of relative dimension 2d
of projective IHS manifolds. Then ν2i = iν2 for all i ≤ d.
In the case where ν1 = 2, this conjecture has two proofs that we know of. The first is work
of Kolla´r, Laza, Sacca`, and Voisin [KLSV18], and the second follows from a stronger result of
Soldatenkov [Sol18]. We may specialize Theorem 2.21 to the case of good degenerations of projective
IHS manifolds to deduce a third proof.
Proposition 5.13. Let π : X → ∆ be a degeneration of holomorphic symplectic varieties of pure
weight 2. Then ν2 = 2 and ν2i = 2i for all i ≤ d.
Proof. Since the weight filtration on Hi(X∞;Q) can be identified with the monodromy weight
filtration on a nearby fiber ([GNA90]), ν2i+i is the same as the maximal j for which Gr
W
j H
2i(X∞;Q)
is nonzero. By Theorem 2.21, H2i(X∞;Q) has Hodge–Tate mixed Hodge structure, and σ
i is in
I2i,2i;2i for all i ≤ d by Proposition 2.9. Therefore, since Gr2iFH
2i(X∞;C) 6= 0 for all i ≤ d it follows
that GrW4i H
2i(X∞;Q) 6= 0 and ν2i = 2i. 
In the case where ν1 = 1, Nagai’s conjecture has been proven for all known examples of projective
IHS manifolds by Green, Kim, Laza, and Robles in [GKLR18]. Theorems 2.14 and 2.21, when
specialized to the case where the corresponding cohomology ring is the limit mixed Hodge structure
of a good degeneration of projective IHS manifolds, provides some justification.
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Proposition 5.14. Let π : X → ∆ be a good degeneration of projective IHS manifolds with ν2 = 1.
Then for 0 ≤ k ≤ 2d, ν2k ≤ min{d− 1, k − 1}.
Proof. Any projective IHS manifold of dimension d has the property that Gr2kF H
2k(X;C) ∼= C for
all 0 ≤ k ≤ d, and that dimGr2k+1F H
2k+1(X;C) ∼= 0 for all k. We also know that a good type
II degeneration of projective IHS manifolds produces a limit mixed Hodge structure which is a
symplectic Hodge ring of pure weight 1. Therefore, we are in the situation of the second statement
in Theorem 2.14 and it follows that if d ≤ k ≤ 2d then GrWj H
k(X∞;Q) = 0 if j ≥ k + d− 1. Since
νk + k is equal to the highest possible j so that Gr
W
j H
k(X∞;Q) 6= 0, the result follows. 
A simple consequence of this is then that Nagai’s conjecture holds in certain degrees.
Proposition 5.15. Let π : X → ∆ be a good degeneration of projective IHS manifolds with ν2 = 1.
Then ν2(d−1) = (d− 1), ν2d = d, and ν4 = 2.
Proof. The statement that ν2d = d follows from the fact that dimGr
W
3dH
2d(X∞;Q) 6= 0 by Proposi-
tion 2.11, and that by Theorem 2.14, dimGrWj H
2d(X∞;Q) = 0 if j > 3d. Similarly, by Proposition
2.11, dimGrW3(d−1)H
2(d−1)(X∞;Q) 6= 0, and by Theorem 2.14(2) shows that, under the conditions
of the Corollary, GrWj H
2(d−1)(X∞;Q) = 0 if j > 3(d − 1).
Finally, we show that ν4 = 2. Since dimGr
W
6 H
4(X∞;Q) 6= 0, this is equivalent to showing that
dimGrW7 H
4(X∞;Q) = dimGr
W
8 H
4(X∞;Q) = 0. We know that
dimGrW7 H
4(X∞;Q) =
∑
p+q=7
dim Ip,q;4
by Proposition 2.1. Since dimGrpFH
4(X∞;C) = 0 if p > 4, we must have I
p,q;4 ∼= 0 if p > 4 or if
q > 4 by Hodge symmetry. By assumption, dimGr4FH
4(X∞;C) = 1 and by Proposition 2.1,
(11) dimGr4FH
4(X∞;C) =
∑
r
I4,r;4.
By Proposition 2.11, dim I4,2;4 = 1. Therefore, by Proposition 2.1, we must have dim I4,3;4 = 0. By
Hodge symmetry, this means that dim I3,4;4 = 0 as well.
Following the same line of reasoning as above, dimGrW8 H
4(X∞;Q) = dim I
4,4;4. Proposition 2.11
and Equation (11) then imply that dim I4,4;4 = 0. Therefore, the proposition is proved. 
This is enough to conclude that Nagai’s conjecture is true in low dimension.
Corollary 5.16. Let π : X → ∆ be a good type II degeneration of projective IHS manifolds of
relative dimension ≤ 8. Then Nagai’s conjecture is true.
5.5. Pure weight and degenerations. We will now show that if a degeneration of holomorphic
symplectic varieties is of pure weight w then each good component of that degeneration is log
symplectic of pure weight w. This result depends crucially on Theorem A.1, which will be presented
in Appendix A.
Let π : X → ∆ be a snc degeneration, and let τ be a local section of Ω2
X /∆(logX0) =
Ω2
X
(logX0)/ΩX (logX0) ∧ π
∗Ω∆(log 0). Then
∧d log π : Ω2
X /∆(logX0) −→ Ω
3
X (logX0), τ 7−→ τ ∧ d log π
is a well-defined map from since π∗Ω∆(log 0) is spanned by d log π. Let W be a component of X0
and let ∂W be the intersection of W with the singular locus of X0. We can compose ∧d log π with
the residue map from Ω3
X
(logX0) to Ω
2
W (log ∂W ) to obtain a morphism of sheaves
rW : Ω
2
X /∆(logX0) −→ Ω
2
W (log ∂W ).
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Theorem 5.17. Let π : X → ∆ be a semistable degeneration with holomorphic symplectic form σ.
Then for each good component W of X0, the pair (W,∂W ) is snc log symplectic with log symplectic
form rW (σ). If σ is of pure weight w then so is rW (σ).
Proof. Recall that in an analytic chart U centered at a point p ∈ X0 in which X0 = V (x1 · · · xk),
the sheaf Λ2X0 is spanned over OU by
d log x1, . . . , d log xk, dxk+1, . . . , dx2d
under the relation
d log x1 = −d log x2 − · · · − d log xk
(see, e.g. [Ste76]). In other words, any form written locally is equivalent to one without a d log x1
factor. Let W be given by x1 = 0 in this chart. Then the form σ ∈ Λ
2
X0
may be written locally at
p as the restriction of a form
σ˜ =
∑
2≤i<j≤k
fi,j(x)d log xi ∧ d log xj +
∑
2≤i≤k<j
fi,j(x)d log xi ∧ dxj +
∑
k<i<j
fi,j(x)dxi ∧ dxj
to x1 . . . xk = 0. The fact that σ is nondegenerate at p as a section of Λ
2
X0
means that the form
σ˜|p =
∑
2≤i<j≤k
fi,j(0)d log xi ∧ d log xj +
∑
2≤i≤k<j
fi,j(0)d log xi ∧ dxj +
∑
k<i<j
fi,j(0)dxi ∧ dxj
is nondegenerate as a form in
2∧ k⊕
i=2
C(d log xi)⊕
2d⊕
j=k+1
C(dxj)
However, according to [Fri83, Lemma 3.1], rW (σ) is the restriction of σ˜ to x0 = 0. The holomorphic
differentials in Ω1W (log ∂W ) are precisely d log x2, . . . , d log xk, dxk+1, . . . , dx2d, hence the condition
that σ is nondegenerate at p implies that ri(σ) is nondegenerate at p as an element of Ω
2
W (log ∂W ).
Corollary A.4 then shows that if [ω] is of pure weight then so is [rW (σ)]. This completes the
proof of the theorem. 
The following result intersects with results of [KLSV18] in the case where a general fiber of
π : X → ∆ is a projective IHS manifold. When Xt is not projective IHS this appears to be new.
Corollary 5.18 (Kolla´r–Laza–Sacca`–Voisin [KLSV18]). Let π : X → ∆ be a good degeneration
of holomorphic symplectic manifolds of dimension 2d and of pure weight w. Then the dimension of
the dual intersection complex of the central fiber of π is dw.
Proof. The dual intersection complex of X0 has dimension one more than the dimension of the dual
intersection complex ∂Wi. By Theorem 5.17, each (Wi, ∂Wi) are log symplectic of pure weight m.
By Theorem 3.9, each ∂Wi has dual intersection complex of dimension dw − 1. 
Remark 5.19. The results of Kolla´r, Laza, Sacca`, and Voisin [KLSV18] are more general than ours
in that they do not require that X0 be simple normal crossings, only that (X ,X0) be a dlt pair.
This condition is much more natural from the perspective of the minimal model program, and much
more likely to be obtainable in practice. As it stands, only a few examples of good degenerations
are known. In dimension 2 the famous Kulikov–Persson–Pinkham [Kul77, PP81] classification of
degenerations says that up to base change, all degenerations of K3 surfaces are birational to good
degenerations. Furthermore, in [Nag08], Nagai has produced examples of good degenerations of
Hilbert squares of K3 surfaces starting with type II degenerations of K3 surfaces.
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Appendix A. An auxiliary result
In this section we prove a result which we were not able to find in the literature, but is a
standard application of the machinery of cohomological mixed Hodge complexes. Cohomological
mixed Hodge complexes are somewhat technical, and are not used in an essential way in the body
of the paper, so in order to preserve the flow of exposition, this result is kept separate. Furthermore,
it seems possible that this result is of independent interest, so this section has been written so that
it can be read more or less independently of the main text.
A.1. Statement of the main result. Let π : X → ∆ be a semistable degeneration. Then the
limit mixed Hodge structure associated to π (described in detail below) has complex part described
by the hypercohomology of the complex (Λ•X0 , d). Recall that π
∗Ω1∆(log 0) ⊂ Ω
1
X
(logX0), and that
we have defined Ω1
X /∆(logX0) := Ω
1
X
(logX0)/π
∗Ω1∆(log 0). We then define
Ωp
X /∆(logX0) = ∧
pΩ1
X /∆(logX0)
∼= Ω
p
X /∆(logX0)/(π
∗Ω1∆(log 0) ∧Ω
p−1
X /∆(logX0))
ΛpX0 = Ω
p
X /∆(logX0)⊗OX0 .
For each irreducible component W of X0, we let ∂W be the intersection of W with the singular
locus of X0. We have a morphism of complexes,
rW : Λ
•
X0 −→ Ω
•
W (log ∂W )
which sends a form ω to ResW (d log π ∧ ω).
Theorem A.1. Let π : X → ∆ be a semistable degeneration, let W be an irreducible component
of X0. Then there is a morphism of mixed Hodge structures
r
MHS
W : H
ℓ(X∞;Q) −→ H
ℓ(W \ ∂W ;Q)
whose complexification is given by rW .
The proof of Theorem A.1 will be presented in Section A.5 after introducing the necessary
machinery.
A.2. Cohomological mixed Hodge complexes. We will now review some background on co-
homological mixed Hodge complexes associated to normal crossing pairs. The reader may consult
[PS08, §3.3] or [EZT, §3] for proof of the results in this section.
The data of a cohomological (Q-)mixed Hodge complex on a quasiprojective variety X is; KQ
in D+(X;Q) equipped with an increasing weight filtration W ; KC in D
+(X;C) equipped with
an increasing weight filtration WC and a decreasing Hodge filtration F ; a quasiisomorphism of
complexes αK : KQ⊗C→KC which induces a quasiisomorphism betweenWiKQ⊗C andWC,iKC.
This data must also have the property that there is a pure Hodge structure on Hi(X,GrWj KQ) for
all i and j induced by F . See [PS08, Defintion 3.13] for a precise definition.
Given a cohomological mixed Hodge complex on X, the hypercohomology groups Hi(X,KQ)
admit mixed Hodge structures.
Let (KQ,W,KC,WC, F ) and (LQ,W,LC,WC, F ) be a pair of mixed Hodge complexes. A mor-
phism of mixed Hodge complexes is a pair of morphisms of complexes, φQ : KQ → LQ which
preserves the filtration W , a morphism φC : KC → LC preserving WC and F , so that the diagram
KQ ⊗ C LQ ⊗ C
KC LC
φQ⊗C
αK αL
φC
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commutes up to homotopy ([PS08, Definition 3.16]).
A.3. Cohomology of a smooth quasiprojective variety. Let U be a quasiprojective variety,
and choose a simple normal crossings compactification X of U . Let Y = X \ U and let j : U →֒ X
be the injection map. Let i : Y →֒ X be the closed embedding. The natural map
Ω•X(log Y ) →֒ Rj∗Ω
•
U
is a quasiisomorphism, therefore Hi(X,Ω•X(log Y ))
∼= Hi(U ;C) ([PS08, Proposition 4.3]). We will
use Ω•X(log Y ) as the complex KC for the mixed Hodge complex that we wish to construct. Let
WCi and F
p be the filtrations on Ω•X(log Y ) described in Definition 3.5
It is now necessary to produce a rational structure KQ with a weight filtration which matches
WC. This can be done using a chain of quasi isomorphisms (as in [PS08, §4.3]), but a more direct
approach uses logarithmic structures (as in [PS08, §4.4]). We will now explain this. We will let
MX,Y denote the sheaf of monoids given by OX ∩ j∗OU , which in fact defines a log structure on X
called the divisorial log structure with respect to Y . We let M gpX,Y denote the corresponding sheaf
of abelian groups. We may identify M gpX,Y with the sheaf of invertible local sections of OX(∗Y ).
There is a map
exp : OX −→ M
gp
X,Y , f 7−→ exp(2πif)
whose kernel is ZX whose cokernel is a∗ZY (1). Here Y (1) denotes the normalization of Y
3 and
a : Y (1)→ X is the composition of the normalization map and the embedding of Y into X.
Definition A.2. Let
Kqp = Sym
p−q
Q (OX)⊗
q∧
(M gpX,Y ⊗Z Q).
We obtain complexes K•p for each p by taking the differential
(12) d(f1 . . . fp−q ⊗ y) =
p−q∑
i=1
f1 . . . fi−1fi+1 . . . fp−q ⊗ (exp(fi) ∧ y).
We have obvious inclusions of complexes,
K•p −֒→ K
•
p+1, f1 . . . fp−q ⊗ y 7→ 1 · f1 . . . fp−q ⊗ y.
One sees that there are morphisms of complexes of sheaves given by
ϕp : K
•
p −→ Ω
•
X(log Y ), ϕp(f1 . . . fk ⊗ y1 ∧ · · · ∧ yp) =
1
(2πi)q
(
p−q∏
i=1
fi
)
d log y1 ∧ . . . d log yp.
The image of ϕp lies in W
C
p Ω
•
X(log Y ) and in fact ([PS08, Theorem 4.15]) we obtain quasiisomor-
phisms
K•p ⊗ C −→W
C
p Ω
•
X(log Y ).
We let K•∞ be the direct limit of the sheaves K
•
p under these morphisms. If we let WpK
•
∞ be the
image of K•p , we obtain a quasiisomorphisms of filtered complexes
φ∞ : (K
•
∞,W )⊗ C −→ (Ω
•
X(log Y ),WC).
One can show ([PS08, Lemma 4.6]) that GrWmΩ
•
X(log Y ) is quasiisomorphic to am∗Ω
•
D(m)[−m], that
this map preserves Hodge filtrations, and that the data
Hdg•X,Y := (K
•
∞,W,Ω
•
X(log Y ),WC, F )
is a mixed Hodge complex on X whose underlying cohomology groups are H∗(U ;Q).
3Notation in this section differs from the previous sections slightly in order to be consistent with our main reference,
[PS08].
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A.4. The cohomological mixed Hodge complex of a semistable degeneration. Recall
that in Section 5.1 we began to describe the cohomological mixed Hodge complex associated to a
semistable degeneration. In this section, we will complete that description. The reader is asked to
consult Section 5.1 for notation.
We will first construct a complex which is quasiisomorphic to Λ•X0 which admits a Hodge and
weight filtration. We begin by letting
WiΩ
j
X
(logX0) =

0 if m < 0
Ωj
X
(logX0) if i ≥ j
Ωj−i
X
∧ Ωi
X
(logX0) if 0 ≤ i ≤ j
We then define a double complex
A
p,q = Ωp+q+1
X
(logX0)/WpΩ
p+q+1
X
(logX0), p, q ≥ 0
with differentials
d′ : A p,q −→ A p+1,q, d′′ : A p,q −→ A p,q+1
defined to be
d′(ω) = d log π ∧ ω, d′′(ω) = dω.
We let s(A •,•) denote the corresponding single complex of sheaves. We define a pair of filtrations
on s(A •,•). First, we let
WCr A
p,q = im(Wr+2p+1Ω
p+q+1
X
(logX0) −→ A
p,q)
(this is called W (M) in [PS08]), and we let
F rs(A •,•) = ⊕q≥rA
p,q.
We will let LC be s(A
•,•) equipped with the filtrations WC, F . We first note that there are maps
(13) µ : ΛqX0 −→ A
0,q, ω 7→ (−1)qd log π ∧ ω
which induces a quasiisomorphism of complexes from Λ•X0 to s(A
•,•) ([PS08, pp. 269]). Moreover,
equipping Λ•X0 with the truncation filtration
F rΛ•X0 = (0 −→ · · · −→ 0 −→ Λ
r
X0 −→ Λ
r+1
X0
−→ . . . ),
the map µ induces a filtered quasiisomorphism between (Λ•X0 , F ) and (s(A
•,•), F ). We would now
like to define LQ as in the case of an snc pair (X,Y ). We may proceed with the construction of
M
gp
X ,X0
as before, and define
Lqp = Sym
p−q
Q (OX )⊗
q∧
(M gp
X ,X0
⊗Z Q).
Again, by equipping Lqp with a differential identical to that of (12), we obtain a complex L•p for
all p, and by taking direct limits, we obtain a complex L•∞. We have that π is, by definition, an
element of M gp
X ,X0
, therefore, we obtain a global section of L11(1)
θ˜ = 1⊗ π ⊗ 2πi.
(The notation L11(1) means L
1
1 tensored with Q(2πi)). We then define complexes
C
p,q = (i∗Lp+q+1∞ /i
∗Lp+q+1p )(p+ 1), p ≥ 0, p+ q ≥ −1.
We turn this into a double complex by adding the differentials,
d′ : C p,q −→ C p+1,q, d′′ : C p,q −→ C p,q+1
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defined as
d′(x⊗ y) = x⊗ (θ˜ ∧ y)
and d′′ is just the differential on Lp∞. Let LQ = s(C
•,•) be the total complex with differential
d = d′ + d′′. We define a filtration on LQ by letting
WrC
p,q = im(i∗Lp+q+1r+2p+1 −→ C
p,q).
The compatibility between weight filtrations on Ω•
X
(logX0) and those on L
p
∞, along with the
quasiisomorphisms
φp : K
p
q ⊗ C −→W
C
q Ω
p
X
(logX0)
described in the previous section imply that there is a quasiisomorphism of filtered complexes,
φ : (LQ,W )⊗ C −→ (LC,W
C).
Furthermore, one can compute GrWr LC and Gr
WC
r LC to see that their hypercohomology admits a
pure Hodge structure with the induced Hodge filtration. Thus we have the following result.
Theorem A.3 ([PS08, Theorem 11.22]). Let (X , π) be a semistable degeneration. Then
Hdg•X ,π = (LQ,W,LC,WC, F )
defines a cohomological mixed Hodge complex.
A.5. A morphism of mixed Hodge complexes. In this section, we will prove Theorem A.1.
LetW be an irreducible component of X0 and we let ∂W be the intersection ofW with the singular
locus of X0. Let p be a point in X0. We may write π locally in a polydiscD centered at p as x1 . . . xℓ
for 0 ≤ ℓ ≤ k, therefore, in these coordinates, we can write Λ1X0 as the OD-linear span of 1-forms
d log x1 . . . , d log xℓ, dxℓ+1, . . . dxd
modulo the relation
(14) d log x1 + · · · + d log xℓ = 0.
Now let us take a holomorphic 1-form τ˜ ∈ Ω1
X
(logX0) representing τ ∈ Λ
1
X0
, given by
τ˜ = f1d log x1 + · · · + fℓd log xℓ + fℓ+1dxℓ+1 + · · · + dxd
for some collection of holomorphic functions fi. We may (locally) produce a holomorphic 2-form on
Y1 = V (x1) by applying (14) to replace d log x1 with −d log x2− · · · − d log x2d, then setting x1 = 0
in each function fi. Friedman [Fri83, Lemma 3.1] shows that this produces a well-defined map of
sheaves,4
r1W : Λ
1
X0 −→ Ω
1
W (log ∂W ).
This may be extended to a morphism of complexes, rW : Λ
•
X0
→ Ω•W1(log ∂W1). Friedman shows
that the map rW can be obtained as the composition of
(15) ∧ d log π : ΛiX0 −→ Ω
i+1
X
(logX0), ω 7−→ ω ∧ d log π
and
(16) ResW : Ω
i+1
X
(logX0) −→ Ω
i
W (log ∂W ).
We will now show that rW underlies a morphisms of mixed Hodge structure.
Proof of Theorem A.1. Precisely, we must show that, given the cohomological mixed Hodge com-
plexes defined in Sections A.4 and A.3,
4Note that our notation differs from Friedman’s slightly.
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(1) The map ResW : s(A
•,•) −→ Ω•−1W (log ∂W ) preserves the Hodge filtration and weight
filtration,
(2) There is a map ResQW : s(C
•,•) −→ K•−1∞ which preserves the weight filtration,
(3) The diagram
(17)
s(C •,•)⊗ C s(A •,•)
K•−1∞ ⊗ C Ω
•−1
W (log ∂W )
φ
Res
Q
W
⊗C ResW
ϕ
commutes.
To begin, we show that the map
ResW : s(A
•,•) −→ Ω•−1W (log ∂W )
sending
⊕p+q=jαp,q ∈
⊕
p+q=j
A
p,q 7−→ ResW (α0,j)
is a morphism of F -filtered complexes. First, we check that this is a morphism of complexes. It
is clear by definition that if p ≥ 1 then ResW (dαp,q) = 0. We also see that dα0,q = dα0,q ⊕
(−1)qd log π ∧ α0,q ∈ A
0,q+1 ⊕A 1,q, so ResWi(dα0,q) = ResWi(dα0,q). We now must show that
(18) dResW (α0,q) = ResW (dα0,q).
Choose a point p ∈ X0 and local coordinates (x1, . . . , xd) centered at a point p ∈W and so that in
these coordinates, W = V (x1) and X0 = V (x1 · · · xk) for some k ≤ d. Then if we have a j-form
τ =
∑
I⊂{2,...,k}
J⊂{k+1,...,d}
|I|+|J |=j−1
fI,J(x)d log x1 ∧ d log xI ∧ dxJ +
∑
I⊂{2,...,k}
J⊂{k+1,...,m}
|I|+|J |=j
gI,J(x)d log xI ∧ dxJ .
Then
ResW (τ) =
∑
I⊂{2,...,k}
J⊂{k+1,...,d}
|I|+|J |=ℓ−1
fI,J(0, x2, . . . , xd)d log x1 ∧ d log xI ∧ dxJ .
Here we have used the notation d log xI to mean ∧i∈Id log xi and similarly, dxJ to mean ∧j∈Jdxj .
Then (18) is clear from the definition of the differential.ThereforeResW is a morphism of complexes.
It then follows directly from the definitions thatResW respects the Hodge filtration; F
r
s(A •)n =
⊕q≥r,p+q=nA
p,q, and note that A 0,q ∼= Ω
q+1
X
(logX0), so if α = ⊕q≥r,p+q=nαp,q, then rW (α) =
ResW (α0,n) if n ≥ r and 0 otherwise. So rW (α) ∈ F
rΩnW (log ∂W ).
Now let us define them morphism ofW -filtered complexes alluded to aboveResQW : C
p,q → K•−1∞ .
To define the map ResQW we will imitate the definition of ResW . We assume that we are in a
local chart on X in which the variables y1, . . . , yd are such that y1 is a local generator for the
hypersurface W and that in this chart, y1, . . . , yk generate all components of X0. An element of
i∗Kp+q+1∞ is represented by sums of local sections of the form
(f1 . . . fℓ)⊗ y1 ∧ yi2 ∧ · · · ∧ yip+q+1 , {i2, . . . , ip+q+1} ∈ {2, . . . , k}
(g1 . . . gt)⊗ yj1 ∧ · · · ∧ yjp+q+1, {j1, . . . , jp+q+1} ∈ {2, . . . , k},
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for fi, gj germs of functions on X restricted to X0. We may then define the residue map Res
Q
Wi
on
an element of i∗Kp+q+1∞ by letting
ResW ((f1 . . . fℓ)⊗ y1 ∧ yi2 ∧ · · · ∧ yip+q+1) =
(
(f1 . . . fℓ)⊗ yi2 ∧ · · · ∧ yip+q+1
)
|y1=0
ResW ((g1 . . . gt)⊗ yi1 ∧ · · · ∧ yip+q+1) = 0.
Clearly, Kp+q+10 is in the kernel of Res
Q
Wi
, hence there is a well-defined map from C 0,q to Kp+q∞ .
Therefore, we may define a map
Res
Q
W : s(C
p,q) −→ K•∞
so that
⊕p+q=ℓcp,q ∈
⊕
p+q=ℓ
C
p,q 7→ ResQW (c0,q).
The proof that this collection of maps extends to a morphism of complexes can be seen directly
from the definitions and the local description of the map above.
Now we must check that this map preserves the weight filtration. Assume that c = ⊕p+q=ℓcp,q is
as in the previous equation and that each cp,q ∈ WrC
p,q, which is to say that it can be lifted to a
class
i∗Kℓ+1r+2p+1
up to Tate twist. By definition of ResQW we can ignore everything except c0,ℓ. In particular, c0,ℓ is
just an element of i∗Kℓ+1r+1 which we recall means that it can be written as an element of
Symℓ−rQ (OX )⊗
ℓ+1∧
(M gp
X ,X0
⊗Z Q).
So ResW (c) is in the image of
Symℓ−rQ (OX )
ℓ∧
(M gpW,∂W ⊗Z Q)
in Kℓ∞, which is, by definition, WrK
ℓ
∞. Therefore, the map Res
Q
W respects the weight filtration.
The proof that ResW preserves the weight filtration on s(A
•,•) is nearly identical, so we will omit
it. It is then straightforward to see (based on the definition of the maps φp and ϕp) that the diagram
commutes. 
If ω is a closed global section of ΛnX0 then it defines a closed element of s(CGd(s(A
•,•))n by the
canonical quasiisomorphism
Λ•X0 −→ s(CGd(Λ
n
X0)) −→ s(CGd(s(A
•,•))),
and therefore an element of Hn(X0; s(A
•,•)) which we call [ω]. The following is needed for the proof
of Theorem 5.17.
Corollary A.4. If ω is closed global section of ΛnX0 for some n, and [ω] ∈ I
n,j(Hn(X∞;Q)), then
[rW (ω)] is in I
n,j(Hn(W \ ∂W ;Q)).
Proof. Recall that the complex Λ•X0 is quasiisomorphic to s(A
•,•) via the map ∧d log π. Therefore,
the composition of ∧d log π and ResWi is precisely rW .
Furthermore, the maps ∧d log π : Λ•X0 → s(A
•,•) and ResW : s(A
•,•) → Ω•W (log ∂W ) can be
extended to maps CGd(∧d log π) and CGd(ResW ) between the corresponding Godement resolutions
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which make the diagram
Λ•X0 s(A
•,•) Ω•W (log ∂W )
s(CGd(Λ
•
X0
)) s(CGd(s(A
•,•))) s(CGd(Ω
•
W (log ∂W )))
commute. Therefore After applying the functor Hn(Γ(−)) to the lower line of the equation above,
we get the map
rW : H
n(X0; Λ
•
X0) −→ H
n(X0; s(A
•,•)) −→ Hn(W ; Ω•W (log ∂W )).
Thus [rW (ω)] = ResW ([ω]). By Theorem A.1, the map ResW is the complex part of a homomor-
phism of mixed Hodge structures, so if [ω] ∈ In,j(Hn(X∞;Q)) then Proposition 2.1 shows that
[rW (ω)] is an element of I
n,j(Hn(W \ ∂W ;Q). 
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